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PREFACE 



The Mathpmati 
Indiana* U 



ma ties -Met hods Program (MMP) has been developed by the 
Inlverslty Mathem^cs Education Development Center) (MEDC) 

during the years 1971-75. The development of the MMP was fdnded by' 
the UPStEP progr^ of the National Science Foundation", with the goaj 
of producing an Innovative program for the mathematics training of 
prospective elementary school teachers -(PSTs^ . 
^ • The p'rlmarVN features of the MMP are: ° " 

. It combines/the mathematics training and the methods training of 
! -PSTs. . 7 • 

• It promfftes a han^ls-on, laboratory approach to teaching In which 
PSTs learn mathematics -and methods by doing rather than by lis- ^ 
tening, takjing notes- or memorizing. 
- . It Involves the PST In using. techniques and materials that are 
appropriate for use with children. 

It focuses on the real-world mathematical, coticir-ns of children 
and the real -world ntethematlcal and pedagoglcar concerns of 
.PSTs. 

The MMP. as developed 'a't the MEDC, Involves a university class- ' 
room component and a related public school, teaching. component. The 
university classroom component combines the mathematics content • 
courses and methods courses- normally taken by PSTs. while the public 
school Whing component provides the PST with a chance to gain ex- 
perience with children and Insight Into their mathematical thinking.. 
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A 



model has' been developed for the Implementation of the public 
school, teaching component of the MMP, Materials have been developed 
"^or the university^ classroom portion of the MMP, These include 1? 
instructional units with the following titles: 

/ ' Numeratiop 

# Addition and iSubtractlon ^ 
Multiplication and Division ^ i 

, 1^ RationalNumbers with Integers and Reals 
; * Awareness Geometry 

Transformational Geometry . 
Analysis'of Shapes 

Measurement * * 

" Number Theory ^ 
' Probability afid Statistics 

Graj)hs: the Picturing of Information 
Experiences in Problem Solving 

Aese units are written in an activity format that involve&nthe PST 
in doing mathematics with an eye toward the applicatloP'of math: 
ematlcs in the .elementary school. The units are almost entirely in- 
dependent of one another, and any selection of them can be done, in 
ajiy order.* It is worth noting that the first four units listed per- 
tain to the basic number work in the elementary school; the second 
four to the geometry of the elementary school; and the final four to 
mathematical topics for the elementary teacher. 

For purposes of formative evaluation and dissemination, the MMP 
has been field-tested at over 40 colleges and universities. The 
field implementation formats have varied widely. They include the 
following: 

• Use in mathematics department as the mathematics content pro- 
gram, or as a portion of that program; 

• Use in the education school as the methods program, or as a por- 

tion -bf that ^program, 
•• Combined mathematics content and methods prrogram taught in 
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either the mathematics department, or the education school, or, 
jointly; 

• Any of. the above^ with or without the public school teaching ex- 

' perlence. ' 

Common to most1)f the field Implementations was a small-group 
format f^r the university classroom experience and an emphasis on the 
use of concrete materials. The various centers that have implemented 
all or part of the MMP have made a number of suggestions for change,' 
many of which are reflected in the final form of the program. It Is 
fair to say th^t there has been a general feeling of satisfaction 
with, and enthusiasm for, MMP from those who have been involved in , 
field-testljig. 

A list of the field-test centers of the MMP is as follows: 



ALVIN JUNIOR COLLEGE' 
Alvin, .Texas 

BLUE MpUNTAIN COMMUNITY COLLEGE 
Pendleton, Oregon 

, BOISE STATE UNIVERSITY 
Boise, Idaho 

BRIDGEWATER COLLEGE 
Bridgewater, Virginia 

CALIFORNIA STATE UNIVERSITY," 
CHI CO 

CALIFORNIA STATE UNIVERSITY, 
NORTH RIDGE 

CLARKE COLLEGE 
Dubuque , I owa 

UNIVERSITY OF COLORADO 
Boul der , Colorado " 

UNIVERSITY OF COLORADO AT 
DENVER 

CONCORDIA TEACHERS COLLEGE 
RLver Forest, n!l1no1s 



GRAMBLING STATE -UNIVERSITY 
Grambling, Louisiana 

ILLINOIS STATE UNIVERSITY 
Normal, Illinois 

INDIANA STATE UNIVERSITY 
EVANSVILLE 

INDIANA STATE UNIVERSITY . 
Terre Haute, Indiana 

INDIANA UNIVERSITY' 
Bloomington, Indiana 

INDIANA UNIVERSITY NORTHWEST 
Gary, Indiana 

' MACALESTER COLLEGE 
St. Paul , Minnesota 

UNIVERSITY OF MAINE AT FARMINGTON 

UNIVERSITY OF ^INE AT PORTLAND- 
(pORHAM 

THE UNIVERSITY OF MANITO&A 
Winnipeg, Manitoba, CANADA 
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MICHIGAN STATE UNIVEI^SITY 
East Lansing, Michigan 

UNIVERSITY OF NORTHERN IOWA 
Cedar Falls , Iowa 

NORTHERN MICHIGAN UNIVERSITY 
Marquette, Michigan 

NORTHWEST^ MISSOURI STATE 

UNIVERSITY ^ 
MaryvUle, Missouri 

NORTHWESTERN UNIVERSITY 
Evans ton, Illinois 

OAKLAND CITY COLLEGE 
Oakland City, Indiana 

UNIVERSITY OF OREGON 
Eugene, Oregon 

RHODE ISLAND COLLEGE 
Providence, Rhode Island 

SAINT J^IER COLLEGE* 
Chicago, Illinois 

SAN DIEGO STATE UNIVERSITY 
San Diego, California 

SAN FRANCISCO STATE UNIVERSITY 
San Francisco, California 



SHELBY STATE COMMUNITY COLLEGE 
Memphis, Tiennessee 

U>IIVERS1TY OF SOUTHERN MISSISSIPPI 
Hattlesburg, Mississippi 

SYRACUSE UNIVERSITY 
Syracuse, New York 

TEXAS SOUTHERN UNIVERSITY 
Houston, Texas 

WALTERS STATE COMMUNITY COLLEGE 
■Morris town, Tennessee 

WARTBURG COLLEGE 
'Waverly, Iowa 

WESTERN MICHIGAN UNIVERSITY 
Kalamazoo, Michigan 



WHITTIER COLLEGE 



Whittler, California 

UNIVERSITY OF WISCONSIN— RIVER . 
FALL$ 

UNIVERSITY OF WISCONSIN/STEVENS 
POINT 

THE UNIVERSITY OF WYOMING 
Laramie, Wyoming 
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INTRODUCTION ' 
TO THE GRAPHS UNIT 



That '^a picture is worth a thous^ind words'^ seems to be an accepted 
canon of human coinmJnlcatlon, - This unit addresses Itself to the com- 
munication of iaformatlon by picturing It with graphs. Following the 
•Overview, there are four sections^ of the unit, each focusing on the 
picturing of a different kind of information. Section*! studies bar, 
line, and clrcfle graphs and pictdgraphs as means of plcti^ring data. 
Section II uses rectangular and other less commonly recognised coor- 
dinate systems to picture locations. Sectloti III considers the non- 
traditional matey-lal of picturing relations using directed graphs, 
networks, and hpygrams, and Section IV discusses the picturing of 
functions by means of graphs. 

, This approach to graphing, as picturing information seems to be 
appropriate since it emphasizes the potential for graphing activities 
in the elementary school. Gra{)h1ng activities, as you will see, can 
*ave a. much wider scope than just the ruathematics ^curriculum. Since 
other subjects such as science "and social studies involve data, loca- 
tions, relations, and even functions, graphs can have wide applica- 
bility and can provide a bri'dge between other curriculum areas and 
mathematics. 

The unjt begins with an overview of graphs 1n the elementary 
schoql. ' . * ^ 
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OVERVIEW ; • . ' ' „ 

' — ^ — ■ ■ ' ■ / - 



FOCUS: ^ " i . . ^ " . ; ' ■ 

This overview .activity is intended to broadefr ^e reader's view of 
graphs and to provide the reader with some ide^s concerning the pos- 
sible role of graphs fn the elementary curriculum. 

MATERIALS: \ " ' : ; : [ 

(Optional) The Mathematics-Methods Program slide-tape overview en- 
titled "Graphs in the Elementary School." 

DIRECTIONS: , ' ' ^ 

Do one of (1) or (3) and then discuss the questiqns in (2). 

1. View the slide-tape overview entitled "Graphs in the Elementary;;. 
' School." ' ' ' ^ ' 

2. Discuss the following questions: \. ' - . ^ 

\di) As* a result of the overview, what new ideas have you gained 
concerning graphs?^ > 

b) In what ways could graphing provide a link between other 
school subjects and njathematics? (Be as specific as pos- 
sible) . ' ' • , 

c) In what ways do graphs enter-"into your "adult" life? 

, d) What experiences did you have with graphs in your schooling, 

• " elementary? 

• . secondary? 

• college? - J 

3. Read the short essay that follows. The essay is intended to 
bpeiaden your view of what gVaphs are and to provide you with 
,some. perspective on the possible usies of graphs in the element 
tary s(ih6d^^^rficul,um. ' 



'overview of ' ■ 

GRAPHS IN THE EL^ENTARY SCHOOL 



Communicating information is an important human activity, We'tend to 
rely most heavily omyords, wHtten, spoken,' or sung, for' cfennunicat- 
ing^ We are also relying more and more heavily on numbers and equa- 
tions to_communica,te, but th-eir effectiveness in communicating seems - 
to be limited for the nc 



Pictures also comm 



nonspecialist. jk ^ 

ffiunicate information. Mn artist can 



^nvey a 



lot of information quickly and effectively, with a fd^ strok^ of ^ 
peR or brush.. In this unit we are concerned with graphs, which are 
certain kinds of formal pictures and wh^ich are used to convey certain 
k;inds of information. As with most kinds of picturesVgraphs have • 
the advantage that they communicate through our highly developed vf- 
sual senses, and they transcend many language barriers whether the 
barrier^ be due to nationality, to culture, or to educational back- 
ground.^ Also, as with most kinds of pictures, making and interpret-, 
ing graphs requires some training and experience. 

Many people have a somewhat narrower view of graphs than .that 
presented in this unit. Also, many people fail to see the potential 

for graphing activities with children. This^verview is intended to 

introduce you to the view of graphs that is pre^nted in this ^it" ^ 

and to provide you with a glimpse of some possibl^q graph^ing activi- 
ties for children. ' 

As you will see, this training 

and experience with graphs can be a 

very natural part of th^lementary 

schqol curriculum. Different kinds 

of graphs can be used to portray at 

least four kinds of information: 

1) Graphs such as the bar, line, 

circle and pictographs shown at the 

right can be used to organize and 

display data generated in classroom 

activities. 
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2) Coordinate graphs «can locate points or objects . 




4) Graphs of functions can picture those certain specia l relations 
that are called functions. 




The remainder of this overview will attempt to go into more de 
tail on each of these kinds of graphs an^ on its potential role in 
^^^Pp1ng.;SJiildren to learn to picture information. 



RAPHS THAT PICTURE DATA ' . . . 

Every child gets to^schoof* one way or another. In a discussion of 
different modes of transpor^tation, a class can collect data on the 
different ways in- which the children come ta school . Some walk, some 
ride a bike, and others are driven in ^ bus or a car. Each child can 
place a block on the chalkboard in front '^f the picture which shows 
how he or she comes to school. For example, in 'this illustration the 
class can see from the piles of blocks that most of the children come 
to school by bus, " 




This activity could be extended to ftaving the clasps display the data 
on a large bar graph. The teacher can also take advantage of this 
activity to enhance sMUs with counting and numbers. 




WALJ< 
CAR 


IlllllIlllllllllllHII ' 
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In .later" grades, when the children have studied percentages and 
angle measurement and have further developed their drawing sl^ills, 
one could use" "How I Come to School" data to compile a circle graph. 




Another dat^-collecting activity could be generated by listing 
the birthdays of the children in a^^class. In this graphing exper- 
ience, each child is- asked to match his name with- the month in which 
his b'irthday occurs by attaching a piece of yarn from his name tp the 
proper month. - r • , 




Then the tl ass can have V discussion and answer several^ questions by 
>ooking at the yarn pictuAe. Which month has the most birthdays? 
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How do we know that this month has the most birthdays? Which month 
has the least number of birthdays? Are there any rponths jn which po 
one has a birthday? Doies each ch.ild' have a birthday? Do any chil- 
dren have two birthdays? Notice that there ar^ many questions which 
children can answer easily by reading data pictured in this "graph." 
In the lower grades the teacher can constriJct a bar graph that will 
correspond to the student-collected data. ' , , 




Questions can also be asked about this .graph. Which month has the 
most birthdays? Which' has the least? A question suoh as ''Can we 
teV\ from this graph when Patty's birthdayjs?," " cSin illustrate the 
strengths and shortcomings of partlcLtVar^kinds of graphs. "tn» higher 
grades the students .themselves can cpDStVuct t^ese bar graphs. 

In many elementary claslses, 
keeping a record of the daily ' 
weather report is a routine part 
of every day. This activity can 
be used in a graphing lesson. 
Studei:»ts look at the sky and note 
the outdbor temperature. Then a 
student records the temperature 
and the visible weather picture 
on a class weather calendar. 

8 
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At the jend of each month, the weather calendar can be used for dis- 
cuss ion and "graphing purposes. ^ 

In the lower elementary grades, the weather data may be collect- 
ed on a Dictograph , providing an opportunity to ask the class such 
questions as: ."What type of,. weather Wurred most often in M^y?" 
and *^Were there more 'sunny days than rainy or cloudy days?" and so ^ 



pn. 
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In later elementary grades the same 
data, might be displayed by the stu- 
dent on a circle graph . 




The temperature .data on the calendar 
xafforda good opportunity to have the 

up|5er Elementary student construct a — — 

line graph. "The student first transfers the data tq a numl^fer grrid, 
as shbwn b^low.< ' • 



er|c 




* '^The points are then connected by straight 1 Ine segments In: order to 
make the detection of temperature trends and contrasts more evident. 



IN MAY 
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The class could- be asked such questions as: "What day of the month 
was warmest?" "WhJt day was coldest?" "What was the temperature 
range for the month?" "What week had the greatest drop In tempera-, 
ture?" "Overall, did It get colder or Warmer during the month?" 
And so on. ' ■ . 



GRAPHS THAT PICTURE bOCATIONS 



Children enjoy playing the "Where Is the ?" game^ which serves as a 
good Introduction to working with coordinate systems., An object Is 
placed on a number grid, and the^ children are asked to describe the 
Toc^tlpn of t)]^fbject in*t^nns of the numbers laBellng^the llnesl**' 
The teacher* (»ig|jft^;aij</ "Where Is the tree?" and the student would 
locate the object. ' * ' • ^ ' " i 



20 
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This game could be continued by calling a student up to t|^ grid to, v 
place the object ?nd ask his classmates to tell the location. 

Another Arid system that could be Jsed for the ''Where Is the ?" 
game Is a neighborhood street map. The teacher might pldce a small 
object at onJof the street Intersections, and then ask ^the class 'to 




Skill 1n locating pol nits' can be used td picture Informatton con- 
talned In equallon,s and. functions. For example. In the primary 
grades, children are often asked ,to find whole-number solutions to . 
/equations such as 



A table can be made on t>«^hal kboard showing several of the values 
of ^ and D that can be put Into the equation to make It true . 
If the class has had some previous work wl^h grids, the children can 
locate the points corresponding to the tabulair data. When the graph 
Is completed, the class can be asked If they'see any pattern on the 
gr^ph. 



A 
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10 


O 
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- & 


2 




1 2 3 5 <i 7 



^ C 



The primary-grade child will 
plot only whole-number values for 
A and □ . Later In the /ele- 
mentary school , graphing f rac- 
tlonal values can be taught, as ' 
well as. using negative Integers 
and plotting points outside the 
. first quadrant. 
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GRAPHS FOR PICTURING FUNCTIONS 

Another use of the skill of locating 'points Is graphing func- 
tions^. For example, children enjoy graphing functions that are 
introduced through the ^'What's My Rule?" game. This game is played 
by placing a child inside a large box called a function machine ; 
The child in the machine chooses a rule, e.g., ''double.'* Then, as a 
basis for guessing the rule, the class gives the machine various in- 
put numbers and the child in the machine supplies the appropriate , 
output numbers. * ' , 




By recording the input-output pairs in a table and by plottfifig the 
paira on a grid, the class can help make its guessing easier and 
more systematic. When the rule has finally been discovered, the 
game can be replayed, using a different rule. 



INPJT 


ouTf^ 


1 


2 


2 


4 


3 


6 
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GRAPHS FOR PICTURING ^REL^TIONS 

A somewhat loss common kind of graph 1s the directed graph or 
digraph. This kind' of- graph can be used to picture relations and, 
unlike the others, does not depend on- numerical Information. 

Children tend to be Interested In various famllfal relation- , 
ships. This Interest can be capitalized on In wor^klng with digraphs, 
For example, the directed graph shown below Is beliig used to symbol- 
ize the relatlpn "Is my sister." 




The teacher might show th^ class' a directed graph representing a 
playground where everyone who Is atfll^ to has pointed to his or her 
sister. She could then ask the members of the class to go to the 
graph and answer such questions/as: '^Where is a sister?^' ''Where Is 
a brother?*' "Does everyone shown have a sister on the playground?" 
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Directed graph activities can also be done, with numerical relation- 
ships. The student on the night below 1s pointing to a directed 
graph illustrating the relation "Is greater tharv," Digraphs can also 
be used 1n factoring composite numbers into their prime factors,, as 
the student or^ the left has done. 
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The use* of digraphs in the elementary school is, in its infancy, but 
It may become more widespread. 



This frw been a long list of examples. The Intent of the list 
1s to Introduce you to different kinds of graphs, and to suggest to 
you that the making and interpreting of graphs Is feasible and desir- 
able In the elementary curriculum. Th^ unit that follows Is designed 
to broaden and deepen your sklTls with majftng ^nd using graphs In 
order t^ help ySu help (Children use graphs to communicate infarma- 
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Section I 



PICTURING DATA 

f 



This sectiqn explores the picturing of information that is in the 
form of data. Data arises in our lives in many different circum- 
stances. Some of it you gather infornially as in "I miss that turn 
half of the time." .Some people suah as^ pollsters^, statisticians and-- 
even v/eathermen make a profession of gathering, organizing, anatyz-^ 
ing, and drawing infer^tices from data. The use ^3f graphs to help or- 
ganize and present data is a common and important practice. 

Activity 1 presents four types of data graphs (bar, line, circle 
and pictograph) and provides experience with reading and constructing 
each type. Also the point is made that the impression con^veyed by a 
bar or line graph or pictograph can be altered by altering the hori- 
*zdntal and vertical scales. The data presented in Activity 1 is 
chosen^to be much like that which one wbuld/^ncounter in work with 
children. In Activity 2 you collect data to substantiate a point of . 
view and you present the data on graphs that are appropriate to that' 
point of view. . 



There is an assignment connected with Activ- 
ity 2 that must be begun prior to doing the 
activity in class. You should turn to direc- 
tion 1 on pages 29^30 to. get the assignment. 
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While there are questions concerning graphing activities for children 
Jthroughotit Section I, Activity 3 focuses on the use of data graphs 
with children. 

If you want some additional work with data graphs, you can turn 
to the*Graphing Self-Evaluation in thej^ppendix. ^ 

MAJOR QUESTIONS . ' ' ' • 

1. Describe steps one might go through in collecting data to sup- 
port a point of view and then ih organizing and picturing that 
data. List some considerations one makes in picturing data. In 
particular, discuss the effect of the choice of types of grapfe 
and scales. 

> * ■ 

2, Choose a level , primary (1-3) or. upper elementary ('4-6). L'ist 
the objectives that you might have for a class at that level 
with'Tespect to bar, line, circle, and pictographs. Outline a 
sample data-graphing activity that you might do with the chil- 

^ dreh while studying some topic besides mathematics. Be sure to 
include some key questions tha^t you would ask the children, in 
order to bring out the salient features of the graphs in ques- 

i ... 

tion. Also be sure that the children have the prerequisite 
skills for the activity. 
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ACTIVITY a 

BAR, LINE, CIRCLE AND PICTOGRAPHS AND THE EFFECTS 0F SCALING 



FOCUS: . . 

Bar graphs, 1 ine graphs , circle graphs , and pictographs can all be 
used to picture data. In this activity you will have experience 
reading and constructing each type of graph. You will also consider 
the characteristics of each type of graph^and the effects of seal ing 
on the message of a graph. Many of the^raphs presented mi gKt be 
used in an elementary school classroom. 

JjAI^RlALS: . [ 



Graph paper, ruler, compass, and protractor. 

. . • . ^ ■■ 

PART A: Bar, Line, Circle and Pictographs - 

piSCUSSION: : 

You have probably seen examples' of each of the four, kinds of graphs 
mentioned in the title. For example, circle graphs are often used tV 
picture a totality of a quantity and to indicate how portions of that 
totality are allocated. , Here is a circle graph indicating how one 
college student spent his budget. " 




Entertainment 

Clothing 
Miscellaneous 
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Bar graphs and pictographs facilitate comparisons of quantities. 
Tl\is bar graph is intended to-emphasize a comparison: 



Heroin 
l Barbiturates 



Self Report on Use of Drugs 
Among fenions in a High School 1974 



H LSD 



Amphetamines . 
r 




Cigarettes ^ 

Alcoholic 
Drinks 



4 5 6 7 8 9-10 11 12 13 14 15 
Percent reporting use 



while' this pictograph compares quantities and can be easily updated. 

Money Accumulated For Classroom Projects 
(Sach $ represents two dollars) 



Class Donation to United Fund 
Class Gift to School 
Class Picnic 
New Volleyball 



$ $ $ $ $ 

'$ $ $ ^ 

$ $ $ $ $ 
$ $ ^ 



Line graphs can also be* used for comparison and for expressing allo- 
cations of resources, but they seem to be particularly liseful ipor 
communicating trends. Here is a line graph that compares trends. 



20 



30 



Data of Sptrrts Participants in a State, 1.956-67 




1956 57 58 59 60 61 62 63 64 65' 66 67 

Year 
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The, questions in this activity should either help to introduce you to 
or remind you of these four types of graphs. If you feel the need 
for further experiences with the data graphs presented in this sec- 
tion, you can turn to the Graphing Self-Evaluation in the Appendix. 

You should note that the data and graphs of this activity are chosen 
at an elementary school level, this is done to provide you with a 
resource a^ideas to usb in graphing activities with children. 
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DIRECTIONS: . . 

1. The students 1n a fourth-grade class constructed the following 
rainfall graph during one school year. 



(V 

o 




Answer the following questions about the graph, 

a) Which month had the most rain? 

b) What were the approximate amounts of' rainfall in September, 
December, and April?- . 

c) What part. of the school year would you call the rainy sea- 

J50n?. 

About what percentage of th^ total rainfall fell in Decem- 
ber? 

Mary was concerned with her tendency to double-fault with her 
tennis serve. As part of a program to improve her serve,* she 
decided to make a graph of her daily serving success. Here is 
her graph for one week,, ' 
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M 



J. 



W • Th F 
Day of week 



, Satr Sun 



Answer the following questions concerning this graph, 
a) Is Mary imprOv.ing? ' 

■b) Which was Mary's best serving day? Her worst ?^ . ^ 
,c) Approximately what percentage of her total serves of the 
week were good? (Analyze this question carefully.) 

dV- Fill in the following table. 



Day 


%'of good serves 


M 




T , 




W 




Th 




F 




Sat 




Sun 





An- eighth -grade had classes in science, social studies, mathe-/ 
.atics. and lavage arts (split by' the teacher into literature 
and graoriar). The class was upset about, the length of i s math 
ematics assignments. sS^hey decided to make a presentation that 
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.wouTd convince their mathenatlcs teacher that she was using an 
unfair share of, their study time. • Here Is the graph that the 
class presented. . " 



Allocation of Study Time 




a) The alert mathematics teacher told the class trfat they were 
complaining to the wrong teacher. Which teacher do you sup- 
pose she had In mind? 

b) \beut what percentage of study tlnie did the class feel that 

they spent on each of their subjects? 

c) What special skills are Involved In reading a circle" graph 
that^ar^ot required for the other three types of graphs? 

A second-grade class wanted to keep track of the number of dry 
and. rainy days during a week» so they used the following method 
of representing this data» using cut-out faces. . i ' 



RAINY 
PRY 



©0© 
©© 
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Answer . the following questions about this pictograph: 

a) What advantage can you see to using a pictograph In this 
situation Instead of a bar graph? 

b) Whl^il 'of the following kinds of data would lend themselves 
to representation on a pictograph? 

• High temperature on each day of the week 

• The number of children who ride a bike, walk, and are 
""driven to school 

• The relative numbers of science, math, and social- 
studies books In the l.lbrary 

• The number of recyclable cans collected by each child 
In the class^ 

Below are four sets of datti presented In tables. For each set 
of data, construct a bar/line, circle, or pictograph to.repre- 
sent the data. Choose a^dlfferent type of graph for each set of 
data. Base your choice qn the appropriateness of the type of 
graph for the da£a. 



Student 



Books read so 
far this year 



Sally ' 


1 


Mary 


7 


Bill 


4 


Don 


3 


Joe 


2 


Place of 


Fraction of 


residence 


year spent 


home 


2 
3 


hotels 


1 

12 


cottage 




grand- 
mother's 





Measured 


Mefasured 


Diameter of 


Circumference of 


Circle (In cm) 


Circle (In cm) 


1 


3.1 


1.5 


' 4'.71 


3.25 


10.4 


4 


12.8 



Spelling 


Johnny's 


test 1 


score on test 


1 


50 


2 


90 


3 ■ 


33 


4 • 


79 


5 


97 



25 



35 



S 



6. Choose a grade level and one, of your graphs 1n (5) and 11st sev- 
eral questions you would ask children at that level about the 
graph. ' ^ 

.7. As § homework assignment, collect two examples each x)f bar, 

line, circle, and pictograph. These can^ be found In newspapers, 
magazines, reports, books, "etc. A particular effort should 
made to find examples that would be meaningful and Interesting 
to children. Make up questions that you would ask a class"^ about 
edch of your graphs. 

8. Graphing can be useful In, many elementary school activities! 
Brainstorm several activities that would* lend themselves to rep- 
resentation by bar, line, circle, and pictographs. 

For additional practice wfth reading and constructing graphs, turn to 
the Appendix. . 

PART B: THE EFFECT OF SCALING 

The message conveyed by a bar, llrve, or pictograph can be altered by 
a change In the scale of the graph. We present here a discussion of 
scaling, to be followed by some scaling activities for you. 

The following two graphs present the same data on the same type of^ 
graph. 

100 



80 



^ 60 



u 

CL 

E 
a; 



40 



20 




T W Th 
Day of week 
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, 100 
90 
_ BO 

D 
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70 

<v 

^ 60 
I 50 
40 
30 
20 




J L 



I 



J I L 



M W Th F 
Day of vieek 



Both of these line graphs, present the same data. Do they con^ ey the 
sam^ message? If ^ou wanted to emphasize the variability of the 
weather, which graph would you use? Hotlce that, on the first graph, 
the days of the week on the horizontal axis are spread out and the 
numbers on the ve^rtical axis are condensed. Both of these changes 
tend to minlmfift the appearance of variability In the data.^ In the 
second graph, the variability Is emphasized- by compressing the hori- 
zontal axis and extending the vertical axis. 

DIRECTIONS: 

9. Take some data. Choose opposing points of view or messages with 
respect to the data. Make two graphs of the data--one to sup- 
port each of the opposing points of view. (You can use data you 
have collected;. you can use data that Is presented In a news-' 
paper; or you can use some data from the Appendix.) 
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10. Collect examples of graphs from newspapers, magazines, reports, 
etc., and discuss the effect of scaling on the message conveyed. 
Did you find any situations where the data has been d1st<)rted by 
the choice of scale? j 

11. Briefly suiifnarlze the effects of scaling on the horlzontaj and 
» vertical axes of bar, line, and pictographs. 
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ACTIVITY 2 

DATA COLLECTION AND REPORT , 



FOCUS: 

In Activity 1 you had experience reading and making four types of 
graphs of data. Graphs are constructed to picture information— to 
convey a message. In tKis a<s^vity, you will gain experience with 
picturing information contained in data» You will 

• Choose a question or position, 

• Collect data to answer the question or support the position, 

• Decide on a message contained in the data, 

• Choose a type of graph and a scale that will easily and clearly 
communicate the message, 

• Construct a graph of the data, . 

• Present the graph to others for evaluation. 

DISCUSSION: _ ^ ^ * ^ 

You Win be asked to carry out a, small data-collection experiment and 
to make a graph of the data. Your instructor will make the assign- ^ 
ment (Number 1 below) and will indicate when and how you need to have 
It completed (Number 2 below). 

DIRECTIONS: . 
1. Assignment: ^ ^ . .^ ' 

a) Think of a question or posijtion, and devise a data-collec- 
tion experiment to shed light on the question or to support 
or refute the position. Use your imagination; almost any 
data-collection experiment would be fine; you might want to 
check your data-cpl lection idea with your instructor. Some 
possible kinds of experiments are: 



• Poll attitudes of classmates or dormmates toward a 
political Issue. , 

• Determine the time H take^ each of your favorite bugs 
to walk through a tube. 

• ^ Arralyze the writing of .different Individuals- In terms 

oj the frequency of of various parts of speecK. , 

b) Collect your data (you may^want to devise a convenient table 
or chart for col lecting It). 

c) Organize your data, arid look for patterns or trends .that . 
support a point of view, position, or message. 

d) Decide which types of graphs (bar, line, circle, or p1cto- 

graph) are most suitable for presenting your data. You may 

use several d1 fferent /types 6f graphs, depending on the type 

of data and the message that yoU' may want to convey. Fot 

bar, line, and pictographs, you need to choose a scale that 

will accurately communicate the message contained 1n your 

data. , . ' 

♦ 

e) Construct your ^graph(s), and prepare a report consisting of 
a description of your experiment and how you collected your 
datci, the graph(s), and a description of any answers, mes- 
sages, or conclusions that are warranted by the data. Your 
Instructor may ask you to present your repoKt. to the class 
(Number 2 below) or to turn It In. 

Students selected to present data reports should focus on how 
the data was collected, how'lt was organized, and why particular 
kinds of graphs were chosen 1n preference to others. Then, 1n a 
spirit of Inquiry, not of criticism, the class should address 
Itself to each of the following questions: 

a) What was the message? / ^ , ^ 
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b) Did the data support the message?* 

cj Ccu/id another kind of graph or a different scale have been 
' used to better corrvey the message? 

The class should pay particular attention to the generH^fluestion of 
which kinds of graphs seem, most appropria^ for which kinds of . data. 
After the reports have been made, the whole class* i^ith>h€^instruc- 
tor*s help, should summarize the discussion on this question. Fill- 
ing In the -following table might be of some help to that end. 





FEATURES OF GRAPHS , 




Particularly Good 
For 


Not Particularly 
Good For 


Circle ' 
Graph 


> 




Line 
Graph 






Bar 
Graph 






V- 

Pictograph 








*An informal discussion of the adequacy of sampling procedures will 
be presented in the Probability and Statistics unit of the Mathemat- 
ics-Methods Program. 
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ACTIVITY 3 

GRAPHING WITH CHILDREN 



FOCUS: J ^ 

An important jiObjective of your work with this unit is to help you be- 
come more effective at doing" graphing with children. In this activ- 
ity you will prepare a graphing activity for children,.and try it out 
if possible. You should note that graphing can be a part of many^ 
different elementary school activities, 

DIRECTIONS: 

1. Prepare a les^n plan for an elementary school activi^ that in- 
volves grapning. The lesson can have graphing as its objective, 
or graphing^Sean be a tool to facilitate another objective. Be 
sure to specifWthe objectives of the lesson, the prerequisite 
skills required, and 'the grade level for. which the lesson is in- 
tiendec^, "The following are some ideas for possible lesson top- 
ics v 

• Measure the circumference (C) and 
the diameter (d) of several cir- 
cles and graph them on C-d axes. 
Can, the children see\a pattern? 
What would happen (if you did a ^ 
similar thing for squares (i.e.,- 
graph' perimeter vs. length of 
diagonal )? 
\m Have children cut out circles 
; that are of the same^color as 
their hair, and place tlij^em on a 
felt board --forming a pictograph. 





o - 




o 


o 


o o 


o 


o o 


o 


o p o 


Y ^, 


_R /Bl Br 
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• Take a passage in a book and giraph the frequency of the 
various parts of speech, the occurrences of three-, four-, 
five-, and six^letter words, or some other linguistic at- 
tribute of the passage. 

• Graph sunset hours for each. day of a week. Look for a 
trend. (You may have some scaling problems here.) 

• Graph the lengths of sweet potato and bean plants for each' 
day of a month. 

• Have each chi^d represent on a graph the proportion of time 
spent in various activities during a day. Is it true that 
they work rt'ght hours, sleep eight hours, and play eight 
hours? 

• Graph the production of meat in various countries. Then • 
graph relative populations^ and compare. Can y^ guess « 
which countries are exporters? 

Try your activity with children. sure to provide the class 
with the materials that you need , and be sure to check that the 
children have the prerequisite skills. You may want to modify 
your lesson on the bas4s of the trial. / ' 

Briefly, describe an elementary school g^-aphing activity connect- 
ed with each of the following subject areas.' \ 
reading 

writing ^ 

arithmetic 

social studies 

spelling" 

science /I 

physical education 

art 

music ^ . 
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Section II 



f 



PICTURING LOCATIOMS 



The theme of picturing information is developed further in this sec- 
tion. The information to be pictured here has to do with location 
or position, and the basic tool for picturing will be the coordinate 
system. You are used to* identifying locations using such phrases as 
"50. miles west of Detroit on Interstate 94,**' and "at the corner of 
Leiington Avenue and 42nd Street." As you know, these phrases refer 
to (locations that can be pictured on a map. Coordinate systems are 
essWtial to picturing such locations, ' The most important aspect of 
such a system is that it provides a systematic means df assigning a 
name to each location. 

Activity 4 Is concerned with locating points using^ rectangular 
(Cartesian) coordinate systems. The activity involves information 
and skills that will be familiar to many readers. These readers can 
use the activity for recall and review. 

Activity 5 investigates some other coordinate systems. In some 
cases you will be familiar with ♦the system, but you may not be used , 
to thinking about it as a coordinate system, 
•J Activity 6 addresses itself to the problem of representing a 

three-dimensional world on two-dimensional maps. This is an histori- 
cally important problem which admits of a variety of solutions, each 
particularly useful for a specific purpose. You should keep in mind . 
throughout that the concept of a coordinate system is a useful organ- 
izer. It provides an umbrella under which many apparently dissimilar 
but actually related ideas may be collected. 
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Activity 7 brings the focuis back to the elementary school class- 
room by asking you to analyze what 1s done 1n textbooks, and to out- 
line graphing activities to be done with children. 

MAJOR QUESTIONS ' • 

By the time you have completed Section II you should have answers to 
the following questions. 

1. What is a definition of a coordinate system? Or at least, what 
are the Important common attributes of all coordinate systerifis? 

2: In what specific ways (outline at least three) can one use coor- 
dinate systems to effect a tie-in between mathematics and other 
elementary school topics? 
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ACTIVITY 4 

RECTANGULAR COORDINATE SYSTEMS 



JOCUS : 

This activity provides a brief opportunity to learn, relearn, or re- 
view skills with rectangular coordinate systems. 

DISCUSSION: ^: 
You have already used certain skills with rectangular coordinate sys- 
tems In your work with bar, line, and pictographs in Section I. How- 
ever, since rectangular coordinates are regularly taught at most 
levels in the elementary school, it seems worthwhile to confirm your 
understandingof them. This activity also provides a nice point of 
comparison and contrast with the next activity, in which other less 
comnonTy recognized coordinate systems are introduced. 

f * V . t, 

MATERIALS: 

Ruler and graph paper, 

DIRECTIONS: , 

-3 -2^-1 0 1 1 3 

1- < — \ — H ^ \ \ — H — > 

r 

Above Is a picture of what is called a number line . Every num- 
ber has a location on the line, and every location on the line 
has a number that atcurately describes if. The number line is 
one-dlmensiorfel , since a single number locates each point. 
Label as accurately as possible, us,ing a ruler, the location 
described by each of the following numbers. 

-3, 1^, 2.75, -0.33, 2 

^ (Not^that the number line proves to be a useful instructional 
aid with children. One can model such operations as addition 
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and subtraction by "hopping" forward and backward on the number 
line. One can also embody distance in terms of lengths of In- 
tervals.)' ^ 

2. Two perpendicular number linesl' form a two-dimensional rectangu- 
lar coordinate system: 

P 

• 3-4- 



2-- 
1-- 



-I— h-f 

-3 -2 -1 



I I I > 



The point labeled P can be located by the ordered pair (-2,3) 
since its location corresponds to -2 dn the ,ho/izontal number 
line or axis , and to 3 on the vertical axis. You should agree 
that Q Is located by (0,-2) ^nd 'R by {2t^). On the rectan- 
gular coordinate system below, label the point located^by each 
of the following ordered pairs: 

(1.1). (-1.1). (-1.-1), (1,-1).* (l.»^). (3.5). (0,0) 

3-- 
2 — 



1-- 



■f-V-l- 



-3 -2 -1 



-1-- 
-2-- 
-3-- 



I I I > 



1 2 3 

•b 



Also, wri^e down ordered pairs which locate points A. B. and C. 
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The rectangular coordinates described in (2) are useful for lo- 
cating points In a plane (two-dimensional space). This system 
is most appropriate for a flat sheet of paper or a flat chalk- 
board. Rectangular coordinates can also be used to locate 
points in three dimensions, using three number lines (coordinate 
axes). This is most Important since we live in a physical world 
that can be thought of as three-dimensional. 

For example, the point P in Figure 1 below can be located 
by (1, 2, 3). 



Figure 1 




One way to describe the process of. locating points in three 
dimensions is to label the threenumber lines so that they can 
be referred to. A common way is to call them the x-axis, 
y-axis, and z-axis. 



Figure 2 




> y~axis 



X-axis 
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The point P in' Figure 1 I5 described (1, 2, 3) since It Is 
located one^ unit toward you In the direction of the x-axIs, two 
units to the right in the direction of the y-axis, and three 
units, up In the direction of the.z-axis. 

a) Find the coordinates (x. /, z) whic+i describe the points Q 
and R in Figure 3. 



z 




- ^ Figure 3 

b) Draw a three-dimensional rectangular coordinate system, and 
locate the points tl^at are described by*: 

(1,1,1), (-1,2,1), and (^'T^T^' 

4. The corner of a typical room provides a convenient three-.d1m?n- 
sional rectangular coordinate system. Discuss with classmates 
^n activity that you might do with children to help them learn 
to locate points in the room by using rectangular coordinates. 

5. Scaling was discussed in Activity 1. Scaling also enters into 
problems of locating points so that Information is displayed 



clearly and, accurafely. For example, whlcKVf^the folTos 
two rectangular coordinate systems would be most>se*«renient for 
picturing the following ordered pairs: (1,43), (2,57), 
(3.59). (4,63)? Why? 



5 -- 

4 

3 -- 
2 -- 
1 — 



I I I I I I 



1 



3 4 5 6 



60 -I- 
50 
40 

30-- 
20 -- 
10 -- 



I I . I I |- I 



1 



5 6 



Theselpairs could represent the high temperatures on successive 

days, and locating them could be the first step in constructing 
a line graph. ■ 

-^In a different way, scaling can be a graphic' aid. 



Draw a small simple figure on one grid and then enlarge It by 
refiroducing it with the. aid of a larger grid. (This aMivlty 
might be* a good one to do at home.) 
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HISTORICAL HIGHLIGHT 

Rene Descartes (1596-1650) and Pierre de 
Fe^at (ca. 1601-1665) were the inventors 
of coordinate geometry. Coordinate geome- 
try establishes a correspondence between 
points in the plane and ordered pairs of 
real numbers, with the latter normally 
plotted on a rectangular (Cartesian) coor- 
dinate system. . Desc^tes, In addition to 
Q/acmi^ii. his contributions to mathematics , spent- 
time and eYfort studying science, religion 
He culminated four years of study by writing 
a physical account of the universe, Le Monde . Just as he was 
preparing to have it published he learned of the fate of poor 
Galileo (1564-1642). -In 1633 Galileo was found guilty of . 
heresy for publishing his famous Djscorsi , which supported 
the Gopernican theory that the earth moves around the sun. 
Under threats of torture by the Inquisition, Galileo recanted 
and denounced his work. Since Le Monde contained arguments 
based on the truth of the Gopernican theory, Descartes, also 
a devout Catholic, cancelled his publication plans for Le 
Monde. 



and philosophy. 
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ACTIVITY S \ 

REAL-WORLD COORDINATE SYSTEMS 



FOCUS: 

In this activity, several coordinate systems for picturing locations 
will be introduced. Your experiences with them should make you awaVe 
of the large number of coordinate systems that exist and of the ad- 
vantages of certain ones. There are many possibilities for using the 
ideas of this activity in lessons for ch^lldren. 




DIRECTIONS: . ^ . 

i 

Discuss the following questions concerning coordinate systems. 

1. If you were in Washington, D.C. and looking for the NationalvMu- 
seum'of Natural History (see Figure 1), when would you use the 
:|treets as your coordinate system, and when would you use the 
numbeVed and lettered grid lines? What are the advantages and 
disadvarttages of each coordinate system? 
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(c^l967, Rand^McNally & Company. Reproduced with permission 



Suppose that* a submarine commander Is trying to destroy an enemy 
ship which is just out of sight In the n\1ddle of the ocean, and 
suppose that th^omroander does not know his own position. 
Which of the following two coordinate systems provides more use- 
fuV Information for the scouting plane to radio to the submarine 
commander? - - . 

a) The lat1tude-1ong1tude'^QS^?1^on of the enefiiy ship: 




10*^ 



enemy " s r 
Ship * 



5* 



10* 



b) A distance/bearing system centered 1n the submarine: 



Dtrpction of 
SubnurTne 



\ 




1000 
yards 



Subnurlnc 



Suppose that an airplane pilot (who knew her/hls'Vsl t1on) had 
spotted the enemy ship discussed In problem (2). Which coordi- 
nate\system should the pilot use in describing the location of 
the^hlp to the plane's home base? 
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4. In what way is each of the following a coordinate system? Spe 
cifically^ what coordinates are needed in each case? 

' a) a state highway map 

b) the auditorium seating plan shown in Figure 2 below 

^c) the index of a ^book ' • 

d) the rows of seals in a classroom 




Figure 2 



5. What coordinate systems -Can le used to describe the squares on 
chessboard? What is the usual coordinate system? The table on 
the next pag^ gives the plays of^a chess game.^ Construct a 
rough chessboard and make* the opening moves. ^ 



'^5 



QUEEN'S PAWN OPENING 



1. 


N-QB3 


P-Q4 


2. 


. n Ail 

P-Q4 


Kt I/DO 

N-KB3 


3. 


B-N5 


n ' I/O 


4. 


P-K4 


PxP 


5. 


NxP ► 


D I/O 

B-KZ „ 


6. 


BxN 


BxB ' 


7. 


N-KB3 


0-0 


8. 


P-B3 


P-QN3 


9. 


Q-B2 


B*N2 


10. 


B-Q3 


D I/O 

B-KZ 


11. 


P-KR4 


no 


12. 


N4-N5 


P-N3 


13. 


NxRP 


KxN 


14. 


P-R5 


. P-KB4 


15.. 


PxPch 


i/»^ n 

KxP 


16. 


rt I/O 

Q-K2 


dXN . 


17. 


QxPch 


n DO 

R-B3 


18. 


BxPch 


1/ hlO 


19. 


R-R/cn 


1/ D1 




D DO^^' 

K-KoCn 


1^ MO 




K-K/cn 




oo 


n I/O 




23. 


R-R8ch 


B-Nl 


24. 


B-R7 


K-B2 


25. 


BxBch 


K-N2 


26. 


Q-R3 


N-Bl 


27. 


B-N3 


Q-Q3 


28. 


R-N8 mate. 





a) Outline an activity involving coordinate syst?m5 related to 
some elementary school subject besides mathematics. 

b) Do the lesson with children ff you cani. , ^ 
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ACTIVITY 6 
. THE MAPMAKER'Sv. DILEMMA 



FOCUS : . , 

In this activity you will glimpse the problems involved in making 
flat maps of the spherical earth. * This is clearly another aspect of 
picturing locations. 

MATERIALS: . 

Globe; map of the United- States , on which parallels of latitude are 
equally spaced; Mercator projection of- North America (such projection 
maps are available in most atlases and in the backs of most large 
dictionaries). 

DISCUSSION^ 

As the surface of the earth became better known, 16th-century map- 
makers wrestled with the problem of picturing on flat maps locations 
that are on the solid earth. The problem was solved in severalways, 
each way having its own inherent advantages and shortcomingSi- Maps 
in use today largely reflect these solutions. . , ^ 

DIRECTIOJ^S: " 

Procewl through the following exercises. , 

7 ' 

1. Compare the map of the United States, on which the parallels of 
latitude are equally spaced, with the United States on the. - 
globe'. In what areas does distortion occur? 

2. Suppose you had maps erf' Canada and of Mexico on which the paral- 
lels of latitude were' equally spaced, which country would be 
most accurately represented? Why? ^ 



ERIC 



3. How does a Mercator projection attempt to resolve the distortion 
problem? ' . 



Find the shortest path between Halifax, Npva Scotia' and San 
Francisco on the globe and on the Mercator projection. . How do 
they compare? (Pitk out a couple of cities along each rotite.) 



Investigate in det'ail and prepare a report on several of the 
solutions of the mapping problem discussed in this section. 
Your report might include a discussion- of cylindrical, conic, 
polar, polyconic, and stereographic projections. Comment on how 
an elementary teacher might identify some important mathematical 
jdeas in a. lesson on geography. Atlasies and encyclopedias are 
possible sources of information. 
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ACTIVITY 7 

COORDINATE SYSTEMS FOR CHILDREN 



FOCUS : 

Coordtn^ate systems enter a child's life in the classroom and outside 
the classroom. In this activity you will consider the ways In which 
coordinate systems can relate to children. You will have an opportu- 
,^ nity.to plan a lesson on coordinate systems for children. 

MATERIALS: 

Sevefral elementary school mathematics text series. 
DIRECTIONS: 

1. Brainstorm a list of ways in which coordinate systems could be 
used in conjunction with subjects other than mathematics in the 
elementary school curriculum. 

2. List topics in the elementary mathematics curriculum where coor- 
dinate systems could play^ part. 

3. Thumb briefly through an elementary mathematics text series, to 
see hov^ the use of coordinate systems there relates to your list 
in (2). Make any additions to your list, 

4. Make a list of any additional ways in which coordinate systems 
might enter a child's life outside of the classroom. 

5. Choose a grade level. Outline a coordinate-system activity for 
children at that level, which would relate coordinate systems to 

^ some activity or topic outside of the mathematics curriculum. 



^9 



Section III 



PICTURING RELATIONS 



In Section I you had experience with the picturing-of Information 
that Is contained In data. You used bar, line, circle, ^ind 'p1ct07^ 
graphs to represent, possibly misrepresent, the Information contained 
In numbers. In Section II you studied, the picturing of locations 
using many different systems. One of the primary messages of that 
section was that these' different systems can all be thought of as 
coordinate systems and are qutte analogous to the rectangular coor- 
dinate system? with which you are familiar. In. this section you will 
be working with .a type of graph that is likely,^ to be unfamiliar to' ^ 
you. Instead of having graphs that look like i 



. or that look like 




you will have. graphs that look like , 



B 

A ^ K / 




C 

These graphs are cabled 

" digraphs (shoi^t for directed graphs), networks , and Papygrams . 

and they picture relations. For exarjple, an arrow in the above graph 
says "is.refated to;" so that the graph says that: 

A is related to A 
A is related to B 

B is related to C ' ' ' 

1\ C is related to B 
A is related to C. 

The relations pictured ;by such graphs can be such familial relations 
as "is the sister of" an?J 'Ms a blbod relative of," or numerical re- 
lationships such as "is the square root^f ," and "shares a prime fac- 
tor with" or the relationship can indicate a^physical connection such 
as "lie on the same highway" and *'can be hooked onto the same elec- 
tric line." • Picturing these relations with graphs can help to com- 
municate the relation to others. It can also help to analyze the re- 
lationship as a step in solving some problem. 

- It is important to note that graphing relations is not a gener- 
ally accepted part of the elementary school curriculum. Some pio- 
neering work with relations for children has been done by the Papys 
(see Activity 8) and others, but there is no consensus as to the rote, 
of graphs of relations in the elementary curriculum. Relations are 
included here because of their mathematifcal importance, because 
graphing relations does seem to hold some real instructional poten.- 
ial for children, and because we thought you would ^fij^ graphing re- 
lations both interesting and enjoyable. 
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In this section you will picture relations using' digraphs and 
networks (Activity 8). You will analyze certain digraphs and net- 
works (Activity 9). You will study relations represented as ordered 
pairs and the Papygrams associated with them- (Activity lO). You will 
consider a particular kind of reflation called an equivalence relation 
(Activity 11). Then you will confer some implications of all of 
this^oV the elementary school curriculum (Activity 12). 

Activity 10 involves analyzing certain digraphs and 
networks. This analysis will be challenging for 
rnost students, and should be started seve^ral days 
in advance of the day on which the analysis' is due. 



MAJOR QUESTIONS ^ . 

* .'' 

1. Give examples of relations from arithmetic, geometry, biology, 
and geography. 

2. Give examples of relations that would-be meaningful to children^ 
It may or may not be a good idea to bring the concept of rela- 

' tion explicitly into the elementary school curriculum. State 
and support your position on this, issue. 

- 3. Make up a problem for children which could be solved by^ analyz- 
ing the graph of a relation. 

\. Make up an equivalence relation; verify that ,it satisfies the 
definition of an equivaJLence y^elation, and describe the equiva- 
lence classes for this equivalence relation. 
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ACTIVITY 8 

PICTURING RELATIONS WITH DIGRAPHS AND NETWORKS 



'■ '' ' \ ~' 

FOCUS: , ^ 

You win. have an opportunity to pictur? relations as cllgraphs (di- 
rected graphs) and to analyze digraphs In order to understand the re- 
lations they picture. You will also have an opportunity to Investi- 
gate relations which have a property called synmetry . They can be 
represented using networks (undirected graphs). 

DISCUSSION: 

The real-world Idea that something Is related to something else can 
be expressed rather naturally In a pictorial fashion: Let a point 
denoted by ''a*' represent the first thing mentioned and let a. point 
* denoted by "b*' represent the second thing. Draw an arrow from a 
to b to indicate that *'a is related to b.'* The usual convention 
for drawing such a picture Is: , 



a 




A diagram such as this 1s an example of a digraph. Other examples of 
digraphs might have pictures such as: 




For example, 1f the relation 1s "Is the sister of," then, the digraph 



Alice. 




Mary 



Indicates that Alice and Jane are sisters and John Is their brother, 
while J1|n and Mary are brother and sister. This simple device for 
picturing Infonratlon about relations proves to be effective and can 
lead to a clearer understanding of the Information. 

DIRECTIONS: 

1. Suppose that the relation Is *Ms the sister of," as 1n the dis- 

■ ■ .a 

cusslon above. 

a) The following digraph pictures the brother-sister relation- 
ships on a school playground. Mark with an "M** those points 
which )^epresent males,'an "F" those points which represent 
females and a "U*' those, points which represent individuals 
of undetermined sex/ 




b) Describe the information contained In the above digraph. 
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d) ^Another everyday Instance of a relation "^Is given on the next 
page by a section of, a college catalog' listing the courses 
in computer science. Prepare a pictorial representation of 
the relation "Is a prerequisite to'* defined on this set of 
courses. (Note: P means prerequisite.) 

2. The Secretaries of State of the NATO countries were meeting 1n 
Brussels. The Belgian Secret Service was convinced that amctng 
the NATO staff members at the meeting there was a spy. As part 
of Its evidence-collecting procedure, the secret service decided 
to carefully observe a cocktail party that was b§1ng held for 
the Secretaries of State and their staffs. They coded some of 
feheir observations onto the fol.lowing digraph where i^-'^^b^ 
Indicates that a_ Initiated a conversation' with b^. 
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Computer Scj«hc« 

C'iQI fntMiicrion to Compiitrr Pn>grafnfning (3 cr.) ■ ^ 

Sr^rtU. B«ic pra«f.mmin| pw-m rtn^lur.. Computer «lu..c,n ^, P'**^^""' J?'"":^ 

,«^«„ U tuaenu wilh yrioui lni#r«U. Cmtti fivrn for only one of ClOl (dropped}, C103 
' (dropped), C20I, and CJOl . I »em„ II Srni , SS '73* 

C202 Cufnputfn and Programming (4 cr.) i. i 

F C20I. Cotnpuier imKilure. m«chJn. iinirMfe Wruca«.n e«ecuao«, wJdrr*^ 

repre-mUlion o« Co«u,uier .yi.rto. orfanl^.ion, ^rniboJto^ coding .nd •-"''^''r •f'-'r' ^Irh 

»nd uulily procnun.. SeveSl pro|r<UMo illiittr.ir b«iic mwhlnr .Iniclure .nd profr.inminc «rch, 
Ueiure .nd UboraiorTr. I 5«m., II Sem , 5S '73. 

C30l Fortran Programming (t en) , . , o^m «i f«H 

pr«,r.mmin, .nd e««ull.in on cnmpu.er. Credi. fiven for only on. of the folUm.nft CIOI (dropped), 
cm filff»pp«'i), C20I, C3i)I I Sem , II Srm. 

C'JI I Pri>graniining Language! (4 cr>) * ■ 

P S7i««n-«'C *Ppm«h io proiimmntinl Unjn«»e». ReUllonrfiipi .mon« l.n«i««e», pro. 

prrlio «id fe.lurn nf Unguaffet, .nd iKe computer rnvironmrni nr«;e«.r7 to I.M«u«^«, Urcturr 
«nd Ul>»»r»l€jry, I Sem< , . 

C Computer Organixation (3 rr.) . , i. 

I- C2f« C>nr.ni«lioo, cJrtuiu, >nd dr«fn of di«it.i crimp,. I nf lyitrmi, C*mn^ de*l. with 

iKr Intrrn.l .»nKture of f.mtpu(rr». Scmie umpir Omputrr. .re dra«nrd. vE«pertn,rnU in \»uc 
fomputre fircuMry .rf. prrf«rn,«J '.n ihr. U^M^torj- ^ biowledur nf rl«;in.nk.. Vh.U u«.f«l. i. not i 
requirrinrnl Le«lure .and Ubof .Inry. II Sem, 

CHI Data Structure* (4 er.) ' 

P ^ytirifuil^ rtudy of lUu •! nic tore, eitcounternl Iri fimiputiffir jiroWnnij itrwluri; and 

1.,^ of tu^knr medt.; methmU „f rn>rei«-nl!n« ilriirturrd d.t.; .nd trf^hnlMur, U»r oprr.tmn on 
fUiA ktntf fiifei. i,r<lurf .nd Utmr.lory, I 5em. 

C099 Individual programming Laktratory (U3 rr.) . , < 

P Cim Sltidrni will de««n, pnn|T«m. v'^^fr* .toCNrnrnt . »prr«l pr«jer| .MlVnmrtif •*1«;J"« 

,n fm.«.li.tH.n with hi> (oftructm. ThU coune mmy U t.km «Vfr.l lime, iip U* » m.,ifnum «( f. 
f r«iMi Pri<^ *t" rnr..llm« . iiudeoi •iT»n«. fof .n U.truCtor «i,.frVite. hii r<n.r« «:tiviiy. 

I Srfti . n .Sem , .*W *71 
G42I Advanced CompMtr> Organisation (3 cr.) 

i' Cti\. 5l"dy itf U«k hardware iM«n prohlenti rncmirdfre*! in <mnpMter». 
Mn ff>iftp.re«J. "^iojl ^ ny»n'»er of diffrrrrit cnfiipujeo in fUmlr.liiini. 
0431 A^jrml'im a^iiTCompilrri I (3 cr.) ' » 

•■ P: Oil. P or ti>t«:urTenl: CW. DfJfn .nd ennitrufjlon of UK.<ilr.p lo«<l 
.wemhirrt. m<wrn enp.nder^, .nd inierpreteri, I ^em. 

(;432 At»rnif)icrs and Compilrni 11 (3 cr.). , 

r r^mipilrr detifit .iid ,cn*t.fnKlinh infludl^ir ritnnef.. p.r«"r», T"d^ ^enre-tion, .nd <i.Kle 

l>pMiO'*JnJoni II Sem, ' i 

C4'l'i (Wrating Syitrtru 1 ( i cr.) • - . 

l( u^n I'rohlem. en^p-mlrrrd Ufh, multlp,o«..m,nIng. ,millipnVr..Jn, .nvl lu»r>.N.r,»i, 

iT^Hit.i *|V»n«t»h itudy oi .11 •f'tti.l eyftrm. I Sem, ^ 

P CO^ C<mrinu.tiMn of C4JV Ori«Ued Uiidj' t.f in.^e amAry fn»«r.iM.., ,yM«-m. fur (.ine^H^rin? 

iMttl m*tluprwrw*ri» n Se»ri, * ' 



Aiiem.lc mlt't'on* 



llnklftf ((Miderti 
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The secret service ^as found that spies tend to listen more and 
initiate fewer -conversations. On the basis of thli observatlon , 
who should the prinjp suspects be at the cocktail party? 

3, The biological example of simple cell reproduction can be 



represented by the directed graph: ^ 




NOTE: The diagram of cell reproduction above Is an instance of 
a standaVd type of directed graph. pictured below: 




These are sometimes called tree diagrams . (The arrowheads are^ 
frequently omitted, and more than two '^braliches'' can emanate 
from any ''fork. ") " 




b) Shifting to the study of languages, the chart on pag^O 
provides a nice example of a tree diagram. State the rela- 
tion that Is pIctureV In the chart. 



' - ■ ' ■ ... 

c) '.Describe two other relations that tree diagrams could be 
used to picture. 



4. Some arithmetical relations "that are nicely expressed as direct- 
ed graphs are given here. 




This is ah illustration of the relation "is greater than" on the 

set {2, 5", 7}. For example, "5 is greater than 2." 

a) Graph the relation "is 2 less than" on the set below. 

• •••••• 

1 2 3 4 5 6 7 



V 



S9- 



M 



TH£ 1NFO-£UROF£AN FAMILY OF \m6\jmtS 



^ ' INPO-EUPOPEftM/ 



~r I I I r— r 

JtiANlAN ARMENIAN. ©ERNIAMIC Ct\J\C AU&ANIRN BALTO- MELLENiC ^ITALIC 

SLAVIC 



INPIAN 



AVE5TAN 
SANSKRIT 

I 

mUQLE INDIAN 



MODERN INPIAM 
LAN<bUA0£S 



1 



0. PERSIAN 

I 

PERSIAN' 



I I 

IRISH " WELSH GAELIC" BRETON 



FRENCH 



&REEK. 



LATJN 



1 I , , I ' . I , I 

PROVEN9AL ITAUAN SPANISH PORTUGUESE CATALAN ROMANIAN 



b) Can you determine the mathematical relations that are pic- 
tured 1n the' foil ow'ing directjgl graphs? 




-1 

-2 
-3 
-4 




/ 



Comment : We need to stop' for a moment and discuss the notion of 
symmetry in digraphs and the related notion of networks . For 
example, consider th^ following digraph of the relation "1s a 
bipod relation of." • 

Harry . ^ 

' Ann 



0 



Alice 



Sally 




Bill 



Terry 

Notice that each time an arrow goes one way, there is one re- 
turning, i.e., whenever you have 



you have 




7s0 



Any relation where this is true is called synrietric. Symmetric 
relations can be pictured more simply than can nonsymmetric 
ones, , Tor example. 



Alice 
Sally 

V \ 

Terry 




Harry 



Bill 



conveys the same information as the earlier digraph/ In this 
case the single line means "are blood-related." A graph whicR 
pictures a relation that does not have an implicit direction is 
called a network . You will see, in the following exercises, 
that many interesting relations are symmetric and can be pic- 
tured by networks. 



a) 

b) Below is a list of relations. Check those that are symmet- 



c) 



Apalyze the digraphs in 1-4 to determine if any are symmet- 
ric. List any symmetric ones. 



ric, 

lives in the same block as 
is greater than or equal to 
is equal to ' 
plays on the same team as 
played tennis against 
is connected to 
likes " , 

shares^ prime factor with 

Indicate which of the following digraphs are ''symmetric. Re- 
draw each of the syimietric ones as a network. 
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a) London ^ Paris, 

Dallas Ro'"^ 
New York ' San Francisco 

Fill in the above to make a network that..pictures the rela 
tion "are connected by highways." 

b) Using the numbers 6, 14, 12, 98, 42, 9 draw a network 
which pictures the relation "has the same prime factors as 

c) Make up a .syninetric relation a^d picture it by means of a 
network. Make up ahd picture another symnetric relation 
which would have particular relevance for children. 
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ACTIVITY 9 

ANALYSIS OF DIGRAPHS AND NETWORKS 



FOCUS : 



Digraphs and networks can be used to picture relations. Frequently 

is desirable to go beyond picturing a relation to actually analyz-"" 
ing it or solving some' pro bl ems concerning it. In this activity you 
will be asked to present your ana^lysis and to discuss some general 
querstions. ^ " 

DISCUSSION: * ^ ^' 

The problems presented here-'do not require any special skills or 
techniques that\have been developed in' this unit, but they will re- 
quire some thoughY You should plan to start workihg on them well in 
advance of when they are due . These problems represent a sampling of 
some types of problems that one can encounter In the analysis of di- 
graphs and networks. 

DIRECTIONS: 

You sHbuld work on the following problems at home or during free mo- 
ments in class. You should "do at least three of the problems. In 
general, the problems have severaj parts. If some of the parts seem 
hard, try lots of examples. In some cases, you may 'have to be satis- 
fled with partial solutions. ^ 

1. Consider the task of scheduling a round robin tournament. In 
such a tournament, each t^am is to play every other team exactly 

once. We shall suppose that a jteam can play only once each day. 

] 

a) What is the Dumber of days necessary to have a round robin 

. tournament with five teams? ( Hint : You may find it helpful 
to consider the case of three teams first.) 

b) Find a schedule for a tournament with five teams. 
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c) Use the^ information of parts (a) and (b) to answer the same ' 

qtrestions for six teams. 
(T) Find a schedule for a tournament with seven teams. 
You may find digraphs helpful in solving this problem. ^ 
Three houses are to be connected to gas, water^and electric 
utilities. The pipes and wires can gO In any direction from the 
houses to the utilities, but they must not cross under, over, or 
through one another. 

a) Can the connections be made? 

IS -ffi ffl 

b) Suppose that the houses and utilities were located on the 
surface of a sphere. Could the connections be made then? 

c) Suppose that the houses and utilities were located on the 
surface of a torus (doug[inut). Could the connections be 
made then? Try U with a doughnut (unglazed). 

d) Consider each of the three s,ituations above in the case of 
four houses with three utilities and in the case of four 
houses with four utilities. 

(You may find it helpful to draw networks. Note that each of 
the houses and the utilities can be ^represented by letters or 
numbers.) ' 
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3. Which of the following network^ can you copy without taking your 
pencil from the paper and without going over any line twice? It 
Is not necessary to finish where you start. 




G H " I 



4. A network Is said to be Eulerlan If 1t is possible to trace a 
path, without lifting th^ pencil from the paper, which begins 
and. ends at the same point and Includes each line exactly once. 
By examining the 'above networks, try to find a condition under 
which a network Is Eulerlan. ( Hint : Count the number of lines 
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' meeting at each point and classify the paints as to whether . 
there are an odd or e^en number of lines connecting to them.- .* 
Make a table listing the number of odd points and even points 
for each of Ihe above networks.) The ori'ginal problem which led 
to Interest in questions of this sort i§ th^ following. 

THE KONIGSBERG. BRIDGE .PROBLEM 

The city of ^nigsberg in East Prussia was located on' the banks and 
on two Islands of the river Pregel . The parts -of, the city were con- 
nected by seven bridges, as shown. On Sundays the citizens would 



B 




'■■r ■ 

take a promenade around town. Is it possifTle to plan''a promenade in 
such a manner that, starting from home, one can return there after 
hav.ing crossed each bridge once and only once? 

This problem remained unsolved until the famous Swiss mathemati- 
cian, Leonhard Euler, solved it using networks of the kind described 
above. 
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5. Sir William Hamilton Invented a game which he descriptively^ en- 
titled "Around the Wgrld." The game uses a regular solid do- 
. decahedron each of whose vertices Is Identified with the name of 
a famous city. The object of the game Is to travel "Around the 
World" by finding a path along the edges which begins and ends 
at the same city and passes through each city exactly once. The 
game was something less than a financial- bonanza. 




The illustration above is a planar representation of Hamil- 
top^s Traveller's Dodecahedron. (A dodecahedron is a three-di- 
mensional figure with twelve pentagonally shaped faces. It has 
twenty vertices and thirty edges connecting these vertices.) 
The twenty corners of this planar figure correspond to the 
twenty vertices of the ^decahedron, and the thirty edges to the 
thirty edges. If we consider the region outside of the planar 



figure as being one face, our planar figure has a total of 
twelve faces, which correspond to those, of the dodecahedron. 
Each of the twenty corners of the diagram represents a city to* 
be visited, while ^he. segments joining the corners represent . . 
roads connecting the cities. 

a) Is ii Ussible to plan the route for a complete trip around 
the c4J^ visiting each city exactly once, and returning 
in /he^nd to the original home city? Tra^l along any 
roaud. des ired, but no more than once on each road. Ignore 

js not needed. 

b) A networicXis safd^ be Hamiltonian if it is possible to 
tr^ce-^Tpath which begins and ends at the same point and 
pas)s6« through each point exactly once. I^lote that one does 
not need to cover each line. Which of the following four 
networks are Hamiltonian? 







6. Is it always true that in a group of six people there are three 
mutual acquaintances or three mutual nonacquaintances? Why? 
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7. Once you have completed your work on problems (1) through (6), 
discuss questions like the following with your classmates In^^a 
seminar setting. 

a) The Kbnigsberg Bridge problem is a classical application of 
an Eulerian graph. What is a sufficient condition for a 
graph to be Eulerian? Can you identify some other applica- 

. tions af this idea? 4 

b) What interesting Insights or Ideas came to you while work-jng^ 
on these problems?, 

c) Give three real -world situations in which the question of ^ 
. whether a graph is Hamiltonian has business, economic, or 

social significance. 



HISTORICAL HIGHLIGHT 




Leonhard Euler (1707-1783), solver of the 
famous seven bridges of Kbnigsburg problem, 
was the most prolific mathematician of all 
times. His writings, if qpllected, would fill 
over 80 large volumes--quite a feat, consider- 
ing he was totally blind for his last seven- 
teen years. 
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ACTIVITY 10 

RELATIONS AS SETS OF ORDERED PAIRS 



FOCUS: ^ \ ' ; ^ " : " 

Ordered pairs have many uses in mathematics, including locating " ' 
points on a coo);:dinate , system, representi'ng rational numbers, and 
representing relations. In this activity, the latter use will be in- 
vestigated as an alternative to^digraphs and networks fbr represent-, 
ing relations, 

MATERIALS- , 

Graphs and the Child by Freclerique and Papy (Montreal: Algonquin 
Publishing Co. , 1970). - 

-i . ' ' * 

DISCUSSION: 

The concept "a. is related to b^" can just as naturally be represent- 
ed by the ordered pair notation (a,b) as by the directed graph 
a«^^^^^ b. One must remember that the order of th'e symbols within 
the parentheses is important and that in general (a,b) ^ (b,a). 

In fact, for future use in the unit we will consider a relation 
and a set of ordered parrs to be the same. ' The information contained 
in any directed graph may be expressed in a^set of ordered pairs. 

WAMPLE ' 

The information contained in the directed graph ^ 




is the same as the information contai^d in the set of ordered pairs 

{(a,b),, (b,a)} 

The braces ( } Indicate that the objects (a,b) and (b,a) are being 
considered as elements in the same set. 
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The netvswrk 



B 



and the set * D 

({A.B.). • (B.A). (B,C). (C,B), (C,D), (D,C)} 
both represent the same relation. ^ ^ 

DIRECTIONS: 

\. Express the Informatioff contained 1n the following directed 

graph as a set of ordered pal/'s. 




b) Convert the three directed graphs in Activity 8, Exercise 



4(b), into sets of ordered pairs. 

/ 



c) On the language tree of Activity 8, take the small part be- 
ginning with ^*Celtic^* and convert it into a set of ordered 
^ 'pairs. « 

Note: Sets of ordered pairs can also be converted into di- 
rected graphs. For example, just think of all of the pre- 
vious examples in reverse, 



Si 
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d) Convert the following relation 1htoY directed graph. 

{(1.2). (2.1).^ t2.3), (2.4),- (3.1).. (1.3)} 
Discuss answers to the following ijuestlons: 

a) For which kinds of relations da ordered" pairs seem" the, most 
appropriate representation? j. 

b) Given the relation Ms the double of." hpw could you express 
It for all Integers using dif-ected graphs? How about using 
ordered pairs? - 

c) Can evefy set of ordered pairs be expresspd^as a directed 
graph? (For further Insight into this question, you may 
want to glance at Exercise 3. ) . o 

S1r\ce every set of ordered pairs Is a. relation, the set {(a. "a)} 
-must be a relation. Using the representation frorn Activity 9, 
we might represent it in this way:" ^- ^ 



The arrowhead does not convey' any additional Informatlon'^in this 
case so we write: 



/ • 

We have not glyena technical definition of "digraph." However 
most technical definitions of digraphs do' not aHow such 
"loops," so we introduce the brpade/ concept of a Papygram, 
(after the Belgian maWiematlclan anrf\educator , Georges Papy, and 
his "educator wife, Vr^d6r1que) . . fapjjgrams are like digraphs ex- 
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cept that ther do allow loops. Can you now see that, any finite. 
' ^ set of olhdered pairs has a P^pygfam and conversely?' 

' . ' > ' ■ \ EXAMPLE 

The relation {(aVa), (b,c), (c,b), (cd)"} hfis the Papygram: 




ti'on "is less than or equal to." 




Also represent this relation as a set of ordered pairs. 
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b) In the set of people's initials below, draw a Papygram of 
the relation "has the same first initial as the last initial 
of." 




0, ■ . - ■ 

Also represent this relation as a set of ordered pairs. - 

c) In the set below, draw a Papygram of the relation, "divides 
evenly into." 




Also express the relation, as a set of ordered pairs. 



d) Repeat exercise 2(a) with the relation "is not greater 
than." What do you conclude from this exercise? 
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4. a) 


To gain/ insights into how the Papys use Papygrams with chil- 


■ ■ * 

1 




dren, vbu should look through Graphs and the Child by . 


■ 




FrederiqiWand Papy (Montreal : Algonquin Publishing CoJ, 






1970). V \ 


i 


b) 


Outline a Pa^gram activity that you could do with children. 






BeNsure to plan it for a specific grade level and to choose 






examples that would be particularly "meaningful to children 






at that level. Also be sure tC[ state your objectives for 






the lesson. 








• 






I 




■ ^ ■ 


• 

• - 






1 

\ 




a 

* /, 


■ 
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'ACTIVITY 11 
EQUIVALENCE RELATIONS 



. focus: \ = 

\ou have been picturing and analyzing various rather general, rela- 
tions, In this activity^ you will investigate a particular kind of 
relation called an equivalence relation and you will identify the 
particular properties which characterize equivalence relations,* 

DISCUSSION:.' 

Sl^nply stated, equivalence relations are those relations which are 
like the relation "equals." Precisely, we note the following three 
prop'erties of "equals." 

a = a- fop^^y'di'. ' ■ * 

i i . IT a =-^<^ttren ^b^£^ 
iii . If a = b and b = c, then a X c. 

Property (ii) is just the symmetr/ property for relations that we 
discussed in Activity 8. It sayi that if is related to by the 
'equals" relation, then b is remted to a^. .. 

Property \i) is called the reflexsyve property. It says that each a^ j 
is related to itself by the relation "equals." 

Property (iii) is called' the transitivity property and says that if a_ 
is related to b^ and ,b^ isVelated to c^, then a^ must also be related to 
c. ' 



II 



You may wonder if there is any interesting relation besides "equals" 
which Is an equivalence relation. Let's check the relation "is the 
same color as. " 



♦Equivalence relations are also discussed in Section III of the Num- 
ber Theory unit of the Mathematics-Methods Program. 
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* i. Eafch object is the same, col or as itself, ' . 

1i. If one object is the same color as another, the other^ is the 

same color as the one. 
iii. Tf one object is the same color as a second and a second is the 

same color as a third, then the first ts" the same color as the 

third. - 

Since "is the same -color as" is (i ) reflexive, (ii) symmetric, and 
(iii) transitive, it is an equivalence relation. Yet it certainly is 
, • differetit from "equals" since quite different objects can have the 
same color. 

DIRECTIONS: i 

1. Below is a list. of relations. Indicate those that are equiva- 
lence relations. For those that are not, show which of the 
properties (reflexive, symmetric, and transitive) they violate. 

• is less than ' . 

• is less than or equal to 

• is a relative of 

• is a blood ^elative of 

• has the same firime factors as 

• has the same weight as 

• has the same teacher as 

• has different size than ' 

2, Below are several Papygr^ms, Indicate which represent equiva- 
lence relations, and indicate why the one^ that are not equiva- 
lence relations are "ot. 



a) 




7a 



3. Describe, In youryvm words, how you can tell by looking at the 
Papygram of a relation whe<^her the relation is: 

a) reflexive ^ 

b) symmetric ^ 

c) tr^ansitive ||_^ . ' 

4. One can say of an equivalence relation that It relate^ things 
that are the same in one 'respect (not necessarily in all re-, 
spects) . V ^ 

a) iSee if this description jibes with your results in (K). 

b) Give several Instances where th^ word equivalence it .used in 
everyday language. See if these uses jibe vii^h the concept 
of equivalence relation. • 

■•^^ 

5, Below are several sets of ordered pairs. Indicate those that 
represent equivalence relations. For those that do not, tell 
why not. 

a) {(1,1), (1,2), (2,1), (2,2), (2,3), (3,2), (1,3), (3,1), 

(3,3)} 

b) {(1,1), (1,2), (2,1), (2,2), (3,3)} : 

c) ' .{(1,1), (I„2), (2,3), (-2,2), (3,1), (3,3)} 

d) {(t,2), (2,1), (2,3), (3.2), (3,1), (1,3)} 

e) {(1,1), j2,2), (3,3)} 

f) {(1,1), (1,2), (2,1), (2,2), (2,3), (3,2), (3,3)} 

6, Describe in your own _wo^;^^^ow you can tell, by looking at a set 
of ordered pairs,, whether the relation which they represent is: 

a ) ref 1 ex 1 ve 

b) symmetric 

c) transitive 
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7. (Consider the relation "1§ the same age as" on the following Set 
of people. 



Name 


Age 


Sally 


7 


Joe 


8 


BUI 


6 


Tom , ' 


. ' 7 


Sarah 


7 


Carol 


8 


fnnnle 


8 


Marilyn 


6 


Henrietta 


6 


Sandy 


6 


Anne 


7 


Randy 


10 



The Papygram of this relation looks like this: 



Sally 



Tom 



Sarah 




Marilyn 



Joe 



Carol 




Henrietta - 



o 

Randy 



Connie 



Notice that the pfeople are separated into groups so that no ar- 
rows go between separate groups. These separate groups are 
called equivalence classes . 
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a) Draw a Papygram of the relation "hasthe same prime factors 

. as'* on the numbers 6^ 12, 7, 14, 28, 36, and circle the sep- 
arate equivalence classtes. 

b) Verbally describe the equivalence classes of the relation 
''has the same color socks as'' on the children In a claSjS 
room. 

c) How many members are there in each equivalence class of the 
relation "equals"? 

8. There is said to be a one-tof^iie^rrespondence between two sets 
if their elements can be pfllred or matched. For example. 






there is a one-to-one correspondence between the two sets above, 
while there is not between the two sets below. 





The relation defined between sets of objects by "there is a one- 
to-one correspondence between" is a very Important one In early 
number work in the primary school. 

a) * Determine t)iat this relation is an equivalence relation. 

b) Desci^ibe the equivalence classes for this . relation. 

c) Some have advocated giving whole number mmes like "four" >td 
the different equivalence classes of sets for the relation 
"there Is a one-to-one correspondence between." Describe 
how that might be done. Do you think that there is any 
merit to doing It? 
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9. Attribute blocks have become falrljTHandard equipment 1n ele- 
mentary classrooms, ^ 

a) Show that the same set of attrlbifte blocks can be separated 
Into different equivalence classes by different equivalence 
relations. 

b) Outline how you might Introduce a child to equivalence rela- 
tions using attribute blocks. 

10. Children enjoy playing detective, and they can ge^-^Mdea of 
equivalence classes from the following Guess Jfly^Relatl on detec- 
tlve game. 

i) The teacher thinks of an equivalence relation such as '*'has 
the*same color hair as" and puts ovals on the board to 
represent the equivalence classes. 

11) Then the teacher puts some names of students in the appro-^ 



priate ovals. 




lii) Then the class guesses where additional names belong, 

with the teacher correcting the guess6s. The first stu- 
dent who guesses the relation Is "1t^' and gets to choose 
the next relation (probably in cahoots with the. teacher) . 

a) Play thg* Guess My^latlo'n game with your classmates; 

b) Could the game be played with a nonequivalence relation? 
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ACTIVITY 12 

SEMINAR ON DIGRAPHS, PAPYGRAMS AND NETWORKS IN THE CLASSROOM 




FOCUS : 



Digraphs, Papygrams, and networks are not part of the standard ele- 
mentary curriculum! Some 'feel they should be; others fall to see 
that they have as high a priority as other content topics. In this 
activity you will consider what role they might have in work with 
children.. 

DISCUSSION: • , 



a ^mall group assignment to be done during class^ or a homework as- 
'signment. It could also lead to a teaching assignment with childreil. 



DIRECTIONS : 

1. a) Familial relationships' are often confusing to young chil- 



b) How would you work out such an activity with priinary chil- 
dren? Outline the lesson. Magic markers on newsprint might 
yield a pleasing pattern, 

2. List some relations (other than 'Ms a parent of') that might be 
interesting, and instructive to develop with children. 



3. The Papys have' made^apygrams an important feature of an entire 
elementary curriculum. Look in the following references to 
* determine : 

• how they do it 

• what the advantaged are in doing it 



The questions raised 




class discussion, 



dren. Digraphs (in particular, tree diagrams) can used 
to illustrate famil ial relationships. Make a digraph pic- 
turing the relationship "is a parent of** /or your mother, 
father, awnts, uncles, cousins, and you| grandparents. 




ERIC 
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• what the disadvantages -are 1n doing It 

• how you feel about doing It 

Frederique and Papy. Graphs and the Child . Montreal 
" Algonquin PubVls>)ing, 1970. ^ 
Frederique. Mathematics and the Child 1 . New York: 
Co. of America, 1971. 




Section IV . 



PICTURING FUNCTIONS 



The concept of a function Is one of the most basic ones 1o all of 
mathematics.. Its usefulness In everyday life Is evidenced by expres- 
sions such as "gasoline mileage Is a function of speed" and "the 
income tax you pay Is a function of your Income." In mathematics It 
serves as an organizer , which provides a 'convenient framework .In 
which to, view several mathematical Ideas. Both ^s will be Illus- 
trated 1n this section of the Graphs unit, and, tl^Sl^e will be occa- 
s1on<\l references to functions in other units of the Mathematics- 
Methods Program. I 

Activity 13 Introduces functions as "Input-output" systems and 
connects functions with the relations discussed In Section III. Sev- 
eral examples of the occurrence of functions In everyday situations 
are provided. The ways In which functions can be represented are 
described and compared. The activity concludes with a consideration 
of the distinction between functions and other relations. 

The relationships that arise In many activities and experiments 
can be discussed In terms of functions. Six examples that illustrate 
this are contained In Activity 14. Experiments are to be performed, 
and the resulting data. Is to be viewed as defining a function. Rep- 
resentation questions are considered. 

The function concept as a mathematical Idea 1s developed further 

1n Activity 15. 
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Certain kinds of functions are sufficiently important to merit 
'Jtheir oWh names. A few of these are Introduced In Activity 16. 7 
Also, the connection between functions and rat1o/,proport1on Is ex- ^ 
plored In this activity. 

The last activity of the section is a seminar whose focus is on 
the ways in which functions enter into the elementary curriculum. 

MAJ OR QUESTI ONS ^ 



1. The notion of a function is frequently referred to as one of the 
basic concepts of mathematics. Give three exa/nples, other than 
those disucssed in this section, of instances 1n ^^hich mathemat- 
ical topics can be presented using functions., ' ^ ^'^^^ 

2, One can teach specific facts or general principles. Identify 
two strengths ^d two shortcomings of teaching a few general 
ideas versus teaching many specific facts. Giv^ examples in-. - 
volving functions to illustrate your points.. 

3: List two advantages and two disadvantages of introducing func- 
tions notation and terminology in the elementary school. 



/ 
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ACTIVITY 13 

FUNCTIONS AS DESCRIPTIONS OF INPUT -OUTPUT SYSTEMS 



FOCUS:. 

^The concept of a function will bp developed as a means of describing 
situations in which an "input" yields a specific "output." Several 
methods of representing functions will be introduced. The activity 
has three parts: • . ^ ' , 

Part A--The Function Concept, 
'Part B--Representations of Tunctions, 
Part C--Functions as Special Kinds of Relations 

J Part A: The Function Concept ^ ' ' 

DISCUSSION: , \ ^ 

It is common for certain types of athletic competition, e.g. , swim- 
ming ?nd track' and field, to be organized so*that children compete 
with others of approximately the same age. One might have Bge. class- 
ifications as follows: ' .. 





Group^ 


7-8 


I 


9-10 


- IL 


11-12 


III 


13-14 


IV 


15-16 




over 16 


VI 



Using this tabl6, we can assign each child (or input)^ exactly one 
group (or output) for competitive purposes. Participants in a summer 
track program might be divided up in this way. 

For the purpose of generalization it is helpful to view this » 
assignment as a correspondence wliich assigns a group to each child In 
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a set. (The.set might be a cl^ass or the participants in some athlet- 
ic program. J ^ • ^ . . 

child— ^ group ' > 
A specific instance might be represented as ■. ^ 




Set of 
children 



Set of 
groups 



One Way of viewing a function is as , ' 

a correspondence which assigns to each element of one set 
a uni'que element of another set .^ 

Other ways of viewjng functions will be developed as we proceed. 

It is useful to compare this example of a function with an exam- 
ple of a correspondence which is not a*function. To this end/sup- 
,pose there are four boys in a class who participate in athletics and 
who belong to teams as shown below 



Tim 
Steve, 
Hank J' 
Bill 



flag football, basketball, baseball 
^flag foofBaTTTlJ^ketball * ^ 
basketball , baseball , ^ 

basebal 1 



This correflspondence of boys to the sports in which they participate 
can be represented as 
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Tim < 
Steve 




^ Flag Football 




^^^J::^ Basketball - 


Hank 






Bin ^ 




^ Baseball 



It Is clear that the correspondence 

^ ' ^ Boy ►Sport 

does not define a 'function sinde to each Input (boy) there does not 
correspond a unique output (sport). The uniqueness of assignments Is 
required for a' correspondence to be a^functlon. 

directions: 

• 1. Make a table showing the correspondence that assigns to^each 

counting number between 2 and 12 its smallest factor different 
from 1. Does this correspondence define a function? 

2, V Make a table showing the correspondence that assigns to each 

counting number'no larger than 10 a pair of whole numbers whose 
sum Is that number. Does this correspondence define a function? 
(Does an Input always result In the^ same output?) 

3. Which of the following correspondences are functions? Why or 
why not? 

a) The correspondence that assigns to each school day the num- 
ber of students In attendance at a certain elementary, 
school ; 

b) The correspondlence that assigns to each student in a class 
his/her age; 

c) The correspondence that assigns to each letter a sufficient 
amount of postage; 

d) The correspondence that assigns to each counting number one 
of iis factors; 
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e) The correspondence that assigns to each counting number 0 if 
it is even and 1 1f it is odd; 

f) The correspondence that assigns to each book on a shelf the 
number of pages it contains; 

g) The correspondence that assign^ to each boJin a c^asf his 
favorite sport; ^ - f 

h) The correspondence that assigns to each pair of counting 
numbers their sum. 



Part B: Representations of Functions 



DISCUSSION: 



There are many ways to represent function or input-outpujt relation- 
ships; we Identify five of them. 

Mapping diagram. Two examples of this are given 1n Part^^above, 
Another example is the association that assigns to a group* of five 
students their place In an alphabetical list of their last names: ' 




Sue Jones 
Ann Willi 
Tim Drake 

Jim Andrews- \^ 
Steve Reynolds 



Tables or Sets of Ordered Pairs. The association, that assigns to 
each day of a specific week the number of traffic accidents reported 
to the police In a certain city, can easily be represented in a ta- 
ble. 




Day 


Number of 
Accidents 


Monday 


12 


Tuesday 


15 


Wednesday 


27 


Thursday 


18 


Fr1 day' 


41 


Saturday 


53 


Sunday 


37 



Another method of conveying the same Information is through aj^set of 
ordered pairs. In each ordered pair the first element is th^ Input 
(day of the week in this example) and the second element is the out- 
put (number of reported accidents). 

{(Ma2), (fu»;5), (W,?7), (Th,18), (F,41), (Sa,53), (Su,37)} 

Graphs ort Cartesian Coordinate Systems , The association that assigns 

to.each date from January 1940 to December 1974 the -cost of mailing 

a one-ounce first-class letter .wi thi n the United States, odn be con- 
veniently represented as: 



15 H 
10 
5 



J- 



-L 



1940 1945 1950 1955 1960 1965 1970 1974 
Date 
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* Function Machines . The association t^at assigns to each pair of 
counting numbers -their product can be pictured as: 




Such representations are particularly tormion In elementary school 
, textbooks, although they also appear elsewhere, 

f ■ 

Formulas , We can represent the association that assigns to eac^ 
counting number its double by 

n ►Zn, 

and the association which assigns to each rectangle Its area % 
* o rectangle — ►length x width, 

DIRECTIONS: 

1. Which representation do you believe is especially appropriate 
for each of the functions of exercise (3) of Part A? Show the 
representation you have selected for four parts of (3), 

2. Find examples of functions represented In each of tHese five 
ways in magazines or newspapers less than a month old (one exam- 

. pie each). In each case explicitly Identify the association 
that is represented, 

3. Comnent on the advantages and deficiencies of each representa- 
tion. 
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" " jJarfC:*' Functions as Special Kinds of Relations 
DISCUSSION: 

A relation, like a function, can be represented In several ways.. One 
representation is as a -set of ordered pairs (see Activity 10). Re- 
cpll that (a.b) means that "a, Is related to b." If we adopt the 
tennlnology of Inputs and outputs, we' might Interpret this as meaning 
that Input a results In output b. If a relation is such that to 
each first element (or input) there corresponds exactly one second . 
element (or output), then the relation is a function. 

The relation {(A.3). (B.Z). (C.6). (D.6)} Is a function, while 
the relation {(A.3).' (a.2). (C.Z). {C.6)} Is not a function. The ' 
latter is not a function since both (C.2) and (C.6) belong to the re- 
lation. Ttiat is. C is a first element to which there corresponds 
•more than one second element. The same test serves, to determine 
whether a relation is a function when the representation of the rela- 
tion 1s other than as a set of ordered pairs. For example, a rela-^ 
tlon is defined by each of Figures I and II below. 

^ ■ A- 



A^ 










- 3 






- 6 















A. 
B. 




, 2 
I 3 



II 



Relation I is a function while relation II is not. Relation I can 

also be represented as 

j" 

.A 
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where ^he arrows originate with Inputs and teriDlnate on outputs., 
Slniilarly Relation II can be represented as 




Using this arrow representation, one can distinguish a function from 
a relation that Is not a function by checking whether there Is any 
input at which two or more arrows originate . If there Is such an 
Input, then the relation Is not a function. * 



DIRECTIONS: 




of the relations defined below are functions. 



^ .a) The relation is defined on the set of counting numbers and 
"aL is related to means that b I5 twice a. 

b) The relation is defined on the set of counting oumbers and 
"a^ 1s related to tt* means that a^ and b^ have a common factor. 

c) "a^ Is related to b^r means that date b Is the birthday of 
student a^ f rom your class, 

d) "a^ Is related to V means that student b,1n your class has 

his/her birthday on date a. 

' — ' 

2, A teacher refers to a function as a "reliable relation.^' Is 
this a reasonable term? In what sense? 
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ACTIVITY 14 

IDENTIFICATION OF FUNCTIONS THAT ARISE IN EXPERIMENTS 



FOCUS: . 
Many activities, especially experiments and games, which are a stan- 
dard part of the elementary curriculum, may be conveniently discussed 
in tenns of functions. The relevant functions may not be at all ob- 
vious, and there may be several that Include Information about dif- 
ferent aspects of the activity., 

MATERIALS: 

Balance beam, Cuisenaire rods, h)rLd mirror , -graph paper, paper 
towels, metric ruler, jar, food coloring (optional), paper clip, 
scotch tape, guitar, protractor. 

DIRECTIONS: 

SIX experiments are described" below, and you will ber asked to do a 
number of them. Before doing an experiment,, read the questions that, 
follow i-t. Then answer the questions as you proceed, or after you 
complete the" experiment. It is Importa'nt for you to keep the focus 
of the activity-the function concept-in mind. The experiments are 
interesting and it is easy to "miss the forest for the trees." Since 
not every student wi H have an opportunity to complete every experi- 
ment, there will be a wrap-up discussion and you should be prepared 
to sumnarize your results. 

Fxg^m ent 1: Balance Beam. 

Pl"ace two weights on the "6'^ peg on the lefthand side of the balance 
beam The experiment consists of finding out how many weights you 
need to place on the various pegs on the righthand side to make the 
beam balance-. Of course you can easily guess that you can make the 
beam balance by placing two^welghts on the righthand "6'' peg. But 
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how mahy weights would you need to put on, say, the "1" peg to make 
the beam balance? Complete the table below and graph your data as 
you go along « 




Peg 


Number of Weights 


Number 


Needed for Balancing 


1 




2 




3 




4 




5 




6 




7 




8 




9 




• 10 




11 




12 





C7> 
0) 



i! 

E 
z 



14- 
12- 
10- 
8- 
6 - 
4- 
2- 
0 ■ 



I I I I I I I I I I I I I I ► 
2 4 6 8 10 12 14 

Peg Number 



If you had a peg located 1^ units to the rl'gh't of the center 
of the balance, can you estimate /perhaps with the help of 
your graph) how many weights you would need to attach to 
that peg In order to balance the two weights hooked on the 
left "6" peg? 
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b) -If your balancihad a p^g located 12 units to the right of 
center, how ma ny^fWftiiigh^ r .^ou Id you ncjed to put on that peg 
to make the beam balance? 

c) Your present graph consists of Isolated points. In what way 
would 1t make sense (1.e,,1)e meaningful) to connect the 

dots of the graph with a smooth curve? Discuss whether t\)e/^ 
graph between two data points might really look like this: 



rather than being a smooth curve like this: 




V Jl 

d) Your graph^shows a'deflnlte pattern. Have you beefi able to 
detect the numerical relationship that Is behind the pat- 
tern? To balance the two weights that are located six units 
to the left of the center of the balance, how does the' 
weight needed^ for balancing depend on the distance you are 
to the right of center? If W stands for the number of 
weights needed and D stands for the distance to^the right 
of center, write an equation Which expresses the relation- 
ship between W and D. 

e) Finally double-ch^k^ your equation and its graph by making 
some gross comparisons. If D becomes very large, what 
does your equation Imply must happen to W?. Does your graph 
show this? If D ^comes very close to zero, what does your 
equation Imply must happen to W? Does your graph show 
this? Discuss whether* your graph should eventually cross 
the vertical axis. What would crossing the vertical axis 
mean In terms of your experiment? 
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Experiment 2: Surface Area 

Take one Guisenaire rod oj each of the followlngi six .color^: plain* 
red, light green, purple, yellow, and dark* green. 

Using the area of one face of the plain-colored cube a unit, 
measure the surface area of each rod. For example, the cube itself 
has a surface area of 6 units, i*hile the red rod has a surface area 
of 10. units. (If ybu wish, you can think of using t^^e cube as a 
sort of ink stamp--in which case exactly 10 ink blots, would cover the 
red rod. ) 

a) Complete the table and graph below. 



Length of 




Surface Area 


Rod 




of Rod ' 


Plain 


1 




Red 


2 




Lt^ Green 


3 




Purple 


4 




Yellow 


5 




Dk. £reen 


6 


* •« 



a 



a; 

u 



30 



20 



10 



i 2 3 4 5 
Length of Rod 

b) Discuss whether you see a pattern In your graph and wbetner"" 
you can obtain a precise equation relating the surface area 
of a rod t;o fts length. 

^ " 1 

c) If you had a rod that was 1^ units long (that is, halfway 

between the plain rod- and the red rod), what would its sur- 
face area be? Does this follow the pa^rn observed in (b) 
^above? 

d) Would it make sense to draw a graph like the one above but 
with all the points connected by a smooth curve? Can you be 
sur^e that the curve between two data ^ints could not be'* 
something like the following? , / 
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' ' Would it be reasonable to include the p^int (0,2) on your 
. graph? ''What would be the physical meaning of the point?- 

e. Notice that the horizontal and vertical scales on the grjph 
are different. How does the graph change as you vary the 
vertical' scale while keeping the Jjorizontal scale fixed? 

Experiment 3: Hinged Mirrors * - 

a) PS ace your- hinged mirrors on edge on the 100** angle shown on 
. page 102_. Look directly into the mirrors and count the num- 
ber of black dots you seei^l including the original one). 
Record this number in the table below and plot the corre- - 
: sponding ordered pair. Now complete the table and plot the 
- tabular values. ^ • - \ 





Number of 


Angle 


Dots 


100° 




75° 




50° 




' 4Q° 





20 
15 



o 

I 10 



5 - 



30 



— I — n \ — — 

60 90 120 150 
Angle in Degrees 



b) , Would it be reasonable t(? connect the data points with a 

smooth curve? What would the curve mean in terms of the ex- 
peri^nt? i - 

c) Complete the graph as best you can by using estimates of 
angles, or by using a protractor. 

d) Can you find a formula to describe the relation between the 
number of dots and the angle size?- ' 
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Experiment 4: Thfe Function Machine ' 

One way of presenting and representing a function that is particular- 
ly appropriate for elementary school students is by means pf a func- 
tion machine. Using such, activities as a "Guess 1^ RuleVgame, the 
function machine can be fun and effective with children..- ^ 



What's My Rule 



Input 




a) Each player in your group thinks up a rule for the others to 
guess. In turn the rule-maker (machine) supplies outputs 
for inputs which are supplied by the guessers until they 
^have guessed the' rule. As the guessers are guessing, they 
should record inputs and outputs by means of either a table 
or a mapping diagram. For example. 
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/ 1 1 



Input 1 


Output 


3 


, 7 


a • 5 ■ 


11 

S 


X 


. 1 



OR 



3- 
5- 



•11 



-♦2x + 1 



Once the rule has been guesse;i, plot the inputs versus the 
.^outputs on a Carte'sian coordinate graph like the following: 



4 



10 .. 
8 



3 ■ 

^ 6 
o 4 



-»— I — I . f I I 
.1 2 3-4 5 6 
Input 
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If you decide to keep score 1n some way, you might give 
points for being able^ to guess what a specific qutput Will 
Vbe even if you can't guess the exact rule. Also, it might 
be appropriate to take off pptnts for incorrect guesses.' * 
bj^ Function machines do appear in many current elementary math^ 
ematics texts..:. List several ski1 Is that could be developed 
using functipri jnVchines. ^ ' * 
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Experiment 5: The Wick Experiment* 

From a paper towel cut out a strip one inch wide by about eight to 
ten inches long. Draw a pencil Tine.across the strip two or three 
centimeters from one end. Draw pencil lines one centimeter apart 
starting from .this line. About ten lines will be sufficient. These 
lines should be numbered (also In pencil) with the first line start- 
ing at zero. Some care is needed in drawing and writing on the paper 
towel since It will' tear quite easily. 

Put some water In. a jar. The experiment Is easier if the water 
is' colored with food coloring or a similar dye. Fasten a paper clip 
to the lower end of the paper strip in the jar so that the ''zero'' 
line is exactly even with the surface of the water. Fasten It at 
this heigh't with scotch tape. On the record sheet, note the time 
this Is done opposite the number zero. It Is most convenient to do 
this exactly at' a^n even minute to simplify later computations. 

Record the time at which the water rises to each line. The, 
water level Is seen most easily if the jar Is placed against a dark 
background with- the light coming from behind the viewer. The time 
should be recorded to the nearest quarter of a minute. The water 
usually does not rise exactly evenly *and there is often some uncer- 
tainty about the exact time when the water reaches a given line. One 
way of judging this is to record the time of the 
quarter-minute Immediately before the first de-^ 
tectable water appears about the line (for this 
reason, it would be best to place the numbers 
below the 1 ines) . 

After all the data has been recorded, another 
column should be computed, showing the time from 
the start of the experiment required for the water 
to rise to the given level. A graph should then be 
prepared from this data. 

















- 1 




-a 








-4 








-1 




-1,., 




*Taken from S.M.S.G. Mathematits Through Science , Part I: Measure- 
ment and Graphing, Teacher's Commentary (Pasadena , California : A. C. 
Vroman, Inc., 1963 and 1964), pp. 65-66. ./ 
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Experiment 6: Guitars and Graphing 

Take a gultar'and record data relating the length of the vibrating 
portion of a string to the* fret you are using. More specifically, 
number the frets from the bridge end of the guitar to the tuning end 
you can start your numbering with either 0 or 1. Then^ choose a 
string and measure the length of that strifig from^ the bridge to each 
of the numbered frets. T)ius, your graph will be on a grid like the 
fol lowing : 



25 -- 
h 2 20 -- 
^ 15 -- 



a; 



10 - 
5 " 



2 3 4 5 
Fret Number 



Try to decide what equation corresponds to the graph you have 
plotted. If you are musically inclj/ied, try to determine why you ob 
tain the graph and equation that you do. If you are mechanically in 
clined, you might try making your own stringed instrument by using 
the data you have obtained. , , 



ERJC . 



106 

114 



ACTUIJTY 15 

A CLOSER LOOK At FUNCTIONS 



FOCUS: 

The deveTopment of the function concept Is continued with the Intro- 
duction of tennlnology and notation that will aid In describing func- 
tions. 

DISCUSSION: 

in the preceding activities of th1s_^ect1on we have used the tenni 
nology of Inputs and out- ' 



fv;NCT I ON MACHINE 




puts. These words are es- 
pecially appropriate when 
one visualizes a function 
as a maqhine, a cornnon rep- 
resentation In elementary 
school textbooks. You 
should also be familiar with som6 other terms that are widely used In 

connection with functions. . 

The domain of definition of a function is the set of all possi- 
ble inputs. If we view the fi/nctlon as a set of ordered pairs, then 
,1t Is the set of all possible first elements in the ordered pairs. 

The range of a function is the set of all possibleAoutputs or, 
when the function is viewed aS 'a set of ordered pairs, the set of all 
possible second elements. 

•^EXAMPLES 

. The function that associates with each student in a class his/ 
herbirthday, has as domain the set of students in the class and 
as range the set of dates that are birthdays for at leasi one 
student in the class. In the remainder of this unit we w>,ll use 
the letter B to denote this birthday function . 
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• The function that associates with each counting number its dou- 
ble has domain fl, 2, 3, i..} and range (2, 4, v6, ...}. In the 
future we will refer to this function by D (for doubler). 

• The furfction that associates with each counting /lumber the set 
of its distinct prime factors has domain (l, 2\ 3, ...}, and its 
range is the set of all sets of distinct primes, including the 
empt^ set, i.e., the set of elements of the form 0, (Z), |2, 3), 
{2, 3, 5}, (5}, {5, 7}, ... He will refer to this function as B. 

By definition, a function associa exactly one output with 
each input. If, in addition, each output is associated wi th (Exactly 
one input, then the function is said to be one-to-one . The doubling 
function D is a op»e-to-one ^nction. The function P is not one- 
to-one. For example, 6 and 12 have the same output, [2^ 3}. The 
function B may or may not be one-to-one depending on the class. It 
will be one-to-one i f no two students h«ve the same birthday; other- 
wise it is not one-to-one. , ' 

When actual machines are used Jn the manufacture of a product, 
it is frequently the caise that there are several machines that pro- 
cess the product sequentially. That is,' the output of one machine 
becomes the input for another. If we continue the analogy between 
functions anS machines, then it is'natural ^ consider those situa- 
tions 1n which the output of one function provides the input for an^ 
other. Of course, this is a resLtriction on the functions and it is 
not true, in general, that the output of one- function is suitable, as 
input for another. The t^chjc^^cal requirement is that the set of out- 
puts of the first/^ffiacTHtfe musi)be contained in the set of possible 
inputs of the second. f 

The functic^n D is defined on the set of pounttng numbers and 
its sets of outputs (or range)--the set of even numbers--is contained 
in the domain of the function P. Therefore we can imagine a new 
function (or machine) consisting of D followed by P. 



OUT 



D 




IM OOT 

€)<§)€) 




IN OUT 



duTPoT 

'(SET OF DiSTiN/cT 




This new function win be .denoted by P • D (read P composed with 
D). Notice ,th\ o?der; It 1s (Important that the function that oper- 
ates rjrst be written .on t^eJM2ht.^ 

Notice thatpe cofnMfcaTlon of the functions P and' D, with 
the output of ^ P considered as potential. Input for D, makes no 
sense. There are outputs of P --e.g.. output i2, 3}, which re- 
suUs^from Input 12-^that are not suitable as Inputs for D. 



CCOUNTlNO^^ 




Finally, we Introduce the customary notation for functions. 
This notation Is widely employed and provides a convenient shorthand 
for expressing functional relationships. For example, 'If D H the 
doubling function introduced above, then the output that results from 
Input 3 is denoted by D(3), read "D of 3." Thus D(3) = 6. Pursu- 
ing the example of tf^ function D a bit further, the output resuU- 
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Ing from the Inputs of- a counting number n 1s written as D(n). 
Thus D(n) = 2n. We often speak of applying the function D to the 
Input n, ' ' 

EXAMPLES 

D(12f = 24 

P(3).'= {3}." P(18) = {2. 3} , . 
(P • D)(9) = (2. 3} ' . 

DIRfCTIONS: 

1, If we view a\ function as a set of ordered pairs," some of the 
following sets define functions and" some do not. Identify those 
that do, and specify the domain and range In each of these 
cases, I ' . : ' 

a) (3.6). (4.6). (5.6). (6. 6). (7. 10). (8,11) 

b) (3.-1). (4.-2)., (5.-3). (6.-4) 

c) (3.0).J4.3). (5.6). (3.3). (2.-3). (1.-6) 

d) (a,e)i. (b.c). (e.c). (cja) . 

2, For which fi/nct1ons f - ^pf e'xferclse 1 Is f • f defined? In each 
case In which f • f Is defined, write out the set of ordered 
pairs corresponding to the function f > f, 

3, Give an 'example of two functions, f and' g, for which f • g 
and g • f both make sens^ but are not the same funct1o<^ -That 
1s, either the domains of definition are different, or there Is 
ah Input that 1s assigned different outputs by f • g a n&^^ f. 

Exercises 4 through 7 use the functions A. s; M, defined ^elow, 

• A 1s the function thai associates W1 thl^ch counting number the 
sum of that number and 5, 

•' S 1s the function that associates witlT each Integer the"^ integer 
ilhdit 1s 3 less, , -'"^H^ 

• M Is the function that associates with each posftlve rational 

2 

number ^ (p and q ^counting numbers) the rational number ^ , 



What 1s the range of the function A? of thfe function S? 

a) Does the composition A • A make sense? 

b) If so, what Is the ralige of A • A? ^ 

c) What Is A • (A • A)(3)? 

Does the composition A • S make sense? What about the composi- 
tion S • A? , ■ 
Determine which of the following values are defined. If a pro- 
posed expression makes no sense, explain why not. 
a) S(-6) b) H(2) 
c) A(-6) . d) (H . A)(3) 
e) S . S(17) ' f) M • M(f) 

Is It possible for A • M(r) to makersense for a specific ration- 
al number r, even though A • M 6tinru)t<be defined? 
A businessman has a supply of 5^ and 8i stamps. What values of , 
postage less than $1.00 can he make with' these stamps? Relate 
this question to the problem of finding the range of a certain 
function. ( Hint : If he uses as p and, q, the numbers of 5^ 
and Si stamps, respectively, how much postage dd>^^ he use? View- 
the ordered p6lr (p,q) as an input.) ■ < 
In tenns of the domains and ranges of f and g. describe the 
condition that must be satisfied In order that f g be defined. 
This condition is discussed In terms of inputs and outputs on 
pages 108 and 109. 
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ACTIVITY 16 

SOME SPECIAL ,RJiiCTIONS AND THEIR GRAPHS 



FOCUS : 

There are a few classes of functions that arise frequently In the ap- 
plications of mathematics. Three of these, linear, quadratic, and 
reciprocal functions, are discussed and graphed In this activity. In 
addition, the notions of ratio-proportion are connected with the con- 
cept of a linear function. The activity has five parts: 

Part A: Graphs of Functions, 

Part B:' Linear Functions and Linear Processes, 

Part C: Quadratic Functions, 

Part D: Reciprocal Functions, 

Part E: Linear Functions and Proportional Changes. / 



Since a function can be viewed as a set of ordered j^a Irs, If both the 
domain and range are subsets of the real numbers, then, as we have 
seen earlier in this section, the function can be graphed on a Carte- 
sian coordinate system. 



DISCUSSION: 



Part A: Grap^is of Functions. 




EXAMPLES 




The graph of Jthe function de- 




2 ^ 

3 



2 r 



at the right (Figure l). 



r-TT 



3 - 



5 
2 



Input 



Figure 1 




The graph of the function that as- 
sociates with each real number be- 
tween 1 and 2 .(inclusive) the sum 
of 1 plus the square of that number 
is shown at the right (Figure 2). 
If we denote that function by f 
and write th-1s in the usual notation, 
^we write f(x) = 1 + x^, 1 < x < 2. 



5 

2- 3 

O 

2 
1 



T — I — I — r 

2 3 4 5 
Input 

Figure 2 



The fact that each input can be associated with exactly one out- 
put can be interpreted graphically as .follows: If one constructs a 
vertical line through an input number, then it intersects the graph 
of the function exactly once. This remark provides an easy test to 
detemine whether a graph is In fact the graph of a function. The 
gVaph In Figure 3 Is not the graph of a function since, for example. 
Input p does not correspond to a unique output . ^ 



Outputs^ ^ 
associated 
with Input 




Figure 3 



4 
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DIRECTIONS: 

1.. Graph the "postage function," I.e., the function that assigns to 
a real number X the cost of mailing a first-class letter 
Weighing x ounces. Restrict x to be less than or equal to 8. 
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2. Graph the "income tax function/* i.e,, the function that assigns 
to a taxable Income X (measured^-in dollars) the federal Income 
tax due on that Income. Use the Information contained ,in the 
table below. • 



Individual Income Tax Table 



r 




Amount of 


Taxable 


^ Kegu lar 


Income in 


Excess of 




Tax on 


(A) but not in Excess 


Taxabl e 


Amount 


of (C) is taxed at rate 


1 ncome 


in (f\) 


shown In 


(D) 






(C) 




$ ■ 0 


i 0 ' 


^ 500 




500 


70 


1,000 


IS% 


1,000 


145 


1,500 


m 


1.500 


225 


2,000 


\n. 


2,000 


310 


4,000 


19% 


4,000 


690 


6,000 


215: 


6,000 


1,110 


8,000 


2M 


8,000 


,1,590 


10,000 


25!t 


10,000 


2,090 


12,000 


27? 


1^,000 


2,630 


i4;ooo 


29% 


14,000 


3,210 


16,000 


31% 


16,000 


3,830 


18,000 * 


34% 


18,000 


4,510 


20,000 


36% 


20,000 


5,230 


22,000 


38% 


22,000 


5,990 


26,000 


40% 



A table giving data on gasoline mileage as a function of speed 

1s given below. Construct a .graph of this ''gasoline mileage 
function. " ^ ' ■ , . 

Car Speed j^ph) 40 50 60 70 | 80 



Gasoline Mileage (mpg) 



20.4 



19.1 



17,7 



16.1 I 14.0 



90 



12.0 



Part Bt Linear Functions and Linear Processes 



DISCUSSION: 



An airplane cruising at a steady 600 miles per houj;; will travel 300 
'miles in I" hour, 60 miles in hour, etc, If we, take the number of 
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hours traveled as input an^^he distance, traveled at output, then we 
can define a function: 

Distance traveled = 600 x number of hours. 
The ''graph of this function is easy to construct. Let us take inputs . 
(number of hours traveled) to be 1. 1. 1. 2vA» The ;outputs (dis^ 
tances) corresponding to these inputs are graphed in Figure ^k:if 
you lay a„ruler*{or' otH^r ^^ightedge) along these points, you will 
^find that they all lie on a straight ,. line. As^a result (ijj^y^ that 
at constant speed the distance traveled is a linear function of time. 

If we had plotted the points corresponding to all inputs less 
th^n or equal to 3, our graph -would have appeared as ill 'Figure 5. 



1800 - 



01 

I 1200 

X3 



600 - 



1800 - 



0) 

1200 



600 - 



MM — I r 

1 2 3 
Input » ' 
(number off^iours)^ 

Figure 4 




12 
Input 
(number of hours) 



Figure 5 



An important characteristic of many real-wor^d situations is 
illustrated by this example. Observe that if the airplane makes a 
trip of t hours followed by a trip of T hours, then the distance 
traveled iS' the same as wuld have been traveled in a single tVip of 
(t + T) hours. Also, if it made a trip'of cT hours, where c is a 
positive rfeal number (e.g.,, |t hWs- or >T hours), then it travels c 
times the distance it would havejtrayeled in ' T hours. A process 
that has these properties, such as travel at constant speed, fis 
called a linear process . 
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A linear "process is one in which the output of 
the input (x + y) is the sum of the outputs of' 
input X and input y and, for any real num- 
ber r, the output for the input rx is r ^ 
times the output of Tnput x. 



The idea of a change in input resulting in a proportional change in 
output is pursued further in Part E, 

Usual l.y the term^ "linear function" is. used to'describe a func- 
tion whose graph on a standard coordinate system is a strai^t line 
or a subset of a straight line, this includes, in addition to the 
functions associated with linear processes , , functions such as the one 
of the next example, 

^ ^ EXAMPLE 

Suppose an amusement park has, an admission charge of $1 and a charge 
of $.50 for each ride. The cost associated with 0 to 5 rides is 
shown in the 1;able and graph below. 



>^ 5 



Number 




of rides 


Cost 


0 


$1.00 


1 


.1,50 


2 


2.0D 


3 


2,50 


4 


3,00 


5 


3.50 



"-^ 3 

O ^ 
O 

1 



J 



~T — I — I — I — 1— 
1 2 3 4 5 
Number of Rides 



There is a formula that expresses the cost of a visit to the am'use- 
» ment park (in dollars) in terms of the number of rides. It is: 

Cost =1 + X number or rides). 
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It takes 2 ounces of instant beverage powder and 1 gallon of 
water to make 1 batch of flavored drink. If mixing flavored 
drink is a linear process, use a graph to determine the amount 
of powder needed to mix 3 batches of drink, j batch, m batches. 

Graph the cost of a visit to the amusement park if the admission 
is $2 and rides are $.25 each.^ Are these prices better than 
those of the epmple? Does thr answer to the question depend 
on how many rides are taken? v 

Any temperature can be measured either, in centigrade degrees 
(C°) or Fahrenheit degrees (F°). There is a linear function, re- 
lating the temperature measured in centigrade degrees to the 
temperature measured in Fahrenheit ^egree^. It has been agreed 
that water freezes at 0°C and a^F and that water boils at 100°C 
and 212°E# . 
a) Graph the linear function that assigns to each temperature 
measured in centigrade degrees the associated temperature 
measured in Fahrenheit degrees. Restrict attention to 
centigrade temperatures between Q and 100°C. 



200 - 



H 150 - 

I 100 H 



50 H 
0 



— r~ 

400 



Centigrade 



b) Use your graph to determine what Fahrenheit temperature cor- 
responds to 40°C. 

c) As (b), for 20°C. 
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d) The temperatures 1n C°\and F° are related by the formula 

Temperature* 1n F° »vA + B x Temperature In C\ 

Find 'A and B by substituting the temperature of the' 
boiling and freezing points of water. • ^ 



Part C: Quadratic Furffetlons 



DISCUSSION: 



If a ball Is dropped from rest, then the distance d (measured In 
feet) It fall? In time t (measured In seconds) Is given :by: 

d =j6t^ 

This function is graphed for t" between 0 and. 2 In Figure 6. 





Input 
(time in seconds)" 

Figure 6 



n 1 1 — T, 

1 2 3 4. 
5 ^ ^ 7 
Input 
(time In seconds) 



1 -t 



Figure 7 



In tjils example, suppose that the ball is released at a height of 10 
feet" above the flbor and its -height above the floor is computed for 
each time t (= number of seconds after release) until it hits the 
floor. The graph of the function that assigns t^ each ,t1me t an 
'Output equal to the height of the ball above the floor, is given in 
Figure 7. The ball hits the floor approximately .79 seconds aftfer it 
Is released. 
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The functions that are graphed in Figures 6 and 7 are quadratic 
inunctions . The trajectory of a drop of water, emitted by a garden^ 
hase is another example of the graph of a quadratic function. So is 
the cro36 section of the reflection in an 'automobile headlight. 
These varied examples give you an indication of the widespread pc- 
currence of quadratic functions in the world around us. 

DIRECTIONS: 

1. Graph the function that assigns to eacfh positive real number x 
the area of a rectangle whose sides are x and 3x. Consider 
only values of x between and 3 (inclusive). 

2. The area of. a circular disk of radius r is Trr . Graph the 
function that assigns to each real number r between 0 and 2 
the area d, of a circular disk of radios r. 

• 3. Graph the functions f, g, -and h on the same coordinate system: 

• f assigns to each x the sum of 1 and x . 

• q assigns ta each x the sum of 2 and x . 

• h assigns to each' x the sum of -1 and x . 

Consider only values of x between -1 and +1 (inclusive). De- 
scribe the pattern disVUyed by these three graphs. 

Part D: Reciprocal Functions 

■ DISCUSSION: 4 ' ' 

What is'the width of a rectangle whose length is 6 and whose area is 
12? What if the length is 4 and the area is 12? What if the length 
is X and the area is 12? It is helpful to construct a table for 
this information: 
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Dimensions of a rectangle whose area Is 12 



Length 


> Width 


6 


12v 


4 




X 


12 




X 



We say that the width Is 12 times the reciprocal of the length )t 
or, alternatively, that In r;ectangles of the same area the width Is 
inversely proportional to the length. 

DIRECTIONS:,. ' 

1. A school „has a need for 1200 pencils. The pencils can be pur- 
chased In packages of 12, 24, 48. 100 and 200 pencils. Define 

„ a function by assigning to each possible package size the num- 
ber of packages the school would have to .buy. Make a table sum- 
marizing the Information contained In the function, and graph 
the function. ' 

2. Grapri the functions f, g.'and h on the same coordinate system. 



f assigns to each 

• g assigns to each 

• h assigns to each 

Consider only values of 



X ^ Othe result of dividing 2 by x. 
X ^ 0 the result of dividing 5 by x. 
X ^ 0 the result of dividing ^ 



X between 0 and 5 inclusive. 



2 by X. 
Describe 



the pattern displayed by these graphs. 

Part E: Linear Functions and Proportional Changes 
DISCUSSION: 

A recipe \r a fruitcake might call for 2 cups of fruit and y cups of 
nuts. A codk who wants to double the recipe would use 4 cups of ^ 
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fruit and Ij cups of nuts; one who wanted^ to triple the recipe would 
use 6 cups of fruit and 2 cups af puts. In general, the aniQU.nt of 
fruit win be 1n,i-2:| ratio to the amount of nuts. Independent of 
the total amount of fruit and nuts used. To express this fact, we 
might write * . . 

amount Of fruit ^ 
amcgifit of nuts . j 

' or amount of fruit = 3 x arribur\t of nuts, 

and we might say that the amount of fruit Is proportional to the 

amount of nuts and the constant of Proportionality Is 3. 

EXAMPLE. 

Suppose that one Hong Kong dollar fl $ HK) Is worth twenty cents In 
United States money (.20 $ US). The cost of an Item can be measured 
either In $ HK or $ US. ^Ince It takes 5 $ HK to have a%alue equal 
to 1 $ lis, we have the following 

cost 1h $ HK = 5 X cost In $ US 
, , or cost In $ US = I X cost fn $ HK.. 

I'ri mathematical terms, proportional changes are described by linear 
functions In which Input 0 yields output 0--prov1ded that 0 Is a 
iegltlinate Input. Suqh functions are often expressed by the equation 
f(x) = kx where k Is the constant of proportionality. 

DIRECTIONS: 

1. If the pound, •£ (monetary unit In great Brltalr^) Is worth 
y_2.25 $ US, find the constants of proportionality A and B In 
'the formulas 

cost of Itgm In £. = A x (cost of Item In $ US), 
and cost of 'ftem In $ US = B x (cost of item In £. ). 
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For a specific autombb.lle, the cost of filling an empty gasoline 
tank is proportional to the price of gasoline. Far a fixed 
price of gasoline, the cost of filling an empty gasoline tank Is 
proportional to the size of the tank. Write these statements In 
mathenatlcal form.^and find constants of proportionality In each 
case. (Note that. In the former, the constant depends on the * 
automobile.) 

In a grocery store, find a commodity that comes In at least 
three sizes. (Laundry detergent and peanut butter frequently 
do.) Is the cost proportional to the s1zef|t^ Graph your data and 
coninent on It from a consumer's point of view. 
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ACTIVITY 17 
SEMINAR 



focus: 

Functions are studied expl kltly. In the upper levels of most elemen- 
tary mathematics curricula, and they occur Implicitly In the lower 
levels and In the discussion;^ of other mathematical ^topics at the 
upper levels. Although thei^e are pedagogical reasons for exercising 
selectivity In presenting th^ function concept as a mathematical 
Idea, It may be the case that It can sep/e-as a useful*organ1zer for 
the teacher.* This actfvT^ls concerned with identifying the occur- 
rence of the function concept In elementary school mathematics cur- 
ricula. ^ 

DIRECTIONS: | 

Each of the parflal textbook pages reproduced below contains an ac- 
tivity or describes a situation that can be viewed as an example of a 
function. In each case 

a) Identify the function. 

b) Note its domain and range, |and whether It Is one-to-one, 

c) Discuss how a teacher's awareness of the function concept 
might Influence his/her presentation of the material. 
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Map problems- 



Give the total distance for each trip. 
[a] LaKe To^n to HltlviewAo Denton< 
(•] LaKe Town to Centra/city to Denton, 
[c] LaKe Town to Ridga^iMe to Denton* 

[a] Which trip in exedEise 1 is longest? 
[•] Which is shortest? 

[c] What is the difference between ihes©' distances? 

3. How long is a trip that is 4 times as far as from 
HiMviow to Denton? 




<c) 1971, 
ETementar 



Addlson-Wesley Publishing Company, Menlo Park, California. 
Elementary School Mathematics , Grade 3, p, 240. Reproduced with 
permission > 



Reading a chart 





The numbers given in the chart 
are the children's scores for 
each game. Tor example, Dan 
scored 47 points in game 3« 



1. [a] What did Bill score in game 5? 
(•1 What did Fay score in game 5? 
[c] What did Dan score in game 6? 
[dJ What did Caf'ol score in game 17 



Game 6 


31 


71 


42 


54 


34 


36 


Gome 5 


63 


18 


43 


64 


29 


67 


Game 4 


50 


76 


40 


56 


67 


58 


Game 3 


^ 






47 


34 


52 


Game 2 


34 


26 


58 




54 


23 


Game 1 


28 


27^ 


62 




60 


47 



[i] What did Ann score in game 2? 
[f ] Wtmt did Ed score in game 4? 
(o) What did Ed score in game 3? 
' [h] What did Carol score In gama 3? 



(c) 1971, Addlson-Wesley Publishing Company, Menlo. Park, Callfbrnla. 
Elementary School Mathematics , Grade 3, p. 74 « Reproduced with 
permission. 
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Factors and products 

Joan KBvo Sara thesa 
problems to lolve, 
Sara solved problems A 
and B easily. When 
sffe tried problem C, 
she stopped and looked 
very puzzled. Can 
you explain why? 




JL 



^Tha foc4or$ ore gtvf n. 
Find the QBl±iSL of 
♦ht factors 

' ' 1 



W The product^ond d 
foctor oro givtn. Find 



f ThS product i»qm 
Find tftf miift^Ssioctfili. 
of tht 



producr. 



f 

i4- 



UERCtSES 



L Give as many difloront pairs of numbers as you can 
that coiild serve as factors of 24, 



List the eqMetiont that have no whoje numbar solution. 
Then find the mitaing fe^tors in the other aquations, 

W»X1«12 [o]«y7i=12 tai)«Xl = 32 

i»]»X2«12 Ch]«X0-12 WmX2^32 

[cJ«X3=3l2 [OBKS^l^ to]BX3 = 32 

[o3«X4=12 aj3nXlO«12 (P]«X4«32 

ti'j«x5 = i2 wmxn^n Cq1«x5«32 

[r]«X6-12 ti3«Xl2«12 (•i]pX6 = 32 



© 1971 ,-idd1 son -Wesley Publishing Company, Menlo Park, California. 
ETementary School Mathematics , Grade 4. p. 234. Reproduced with 
permission . ' 
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Performance Obiective: To use formulas to. find penmetor 



4 Tiaani perimatar* t nfieani lida. / nriMni lanoth. w maans width. 



Perimotar of a square 

P 8 f 8 8 f« 8 
P ^ 4 ^ 8 

P o 32. Porimotef it 32 In, 
For mulai /> - 4 X j 




Use tho formula to find each perimotor 
1. 2, 




Perimator of o ractongle 

P 12 12 8 8 

P (2 12) (2 8}^ 

P 2 (12 8) 

P 40 Pufimoter is 40 m 

Formula; P « 2 X {/ + wv) 



0 



■ 7 3^ 4i 5" <y 7> 

INCMIS 



© 1973/General Learning Corporation, Morrlstown, New Jersey, 
sTlver Burdett Mathematics > Grade 6, p, 188. Reproduced with 
permission. 
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(^^•rforimnM Objwtlva: To show that subtracting 
"undoes" adding 



A is an "add machine. When 6 
goes in, what number comes out? 

B is a "subtract 4" machine. When 
10 goes In, what number comes out? 

Is the number that came out of B the 
tame number that went Into A? 



Subtracting a number 
"undoes" what was done 
by adding the numt>er. 





6 + 4 = 10 



10 

10-4 = 6 



6 



1 Look at the machines below. Then copy the 
* sentences, putting in the missing numerals. 

8 f^?^ ^l7 . 

8-f-9-D 17-9-D 



5 + 7 12-7 



□ 



Copy each pair of sentences and put in th^ missing 
numerals. ' 



2. 8 + 5 13-5 - A 

3. 6 + 9 15-9^ A 

4. 7 + 4- n: 11 - 4- A' 



9 + 9 - □; 18 - 9 - A 
7 + 8— □; 15 - 8 ^ A 
3 + 9 □; 9 - A 



(5) 1973. General Learning Corporation, Morrlstown. New Jersey, 
Silver Burdett Mathematics, Grade 4, p. 18: Reproduced with 
permission. 
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APPENDIX 

SRAPHING SELF-EVALUATION QUESTIONS 



(Note: Questlorvs 1 through 16 make reference to graphs 1 through 8, 
whlcf^are shown on pages ^1 through 144.) — 
1. Referring to gra|»hs 1 through 8, categorize each as a bar graph, 
line graph, circle graph, or pictograph. Sunrnarlze your results 
bplow by circling the graph numbers that apply. 




Graph Number, 
2 3 4 5 6 7 8 
2 3 4 5 6 7' 8. 
2 3 4 5 6 7 8 
2 3 4 5 6 7 8 



2. 



Referring to graph 1 ,\|4pk the years listed (1970-1974). based 
on percentagfc of youths arrested for possession of drugs, from 
first (highest) to fifth (lowest). 



Year 



First 
Second 
Thi rd 
Fourth 
Fifth 



Referring to graph 1, In the period from 1970 to 1974, detemnine 
whether the percentage of young people arrested for drug posses- 
sion averaged : (Circle one of a, b, c, d.) 

a) well below 10% c) ^closer to 205i than 10?1 

b) closer to 10^ than Z0% d) well above 201 

Don't just guess. Confirm your guess with measurement and com- 
putation. 
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l^ef erring to graph 4, .cirCl^~'-ei^ifef^-4ni€-^^ 



a) Alcoholic drinks were more in deported usV-t+iafi 
all of the other items combined. 

T F b) Of the ^9^^ items shown, each pfi^je two most 
tieavily used items was reported as more heavily 
used than all of the other six items combined. 

T F c) SmoJ^ing (marijuana and cigarettes combined) was 
more common than any single category. 

Referring to. graph 4, the table below v/as prepared by reading 
the data of f- the graph. Comple^te this table by ^fi^ing in the 
boxes. Use your ruler to help make decimal approximations as 



accurately as you can: 
Type 'of Drug 
Marijuana 
L.S.P. 

Alcoholic Drinks 

I 



Barbiturates 



[ 



Glue 



Percentage Reporting Use 

About 2.4 ; 

About .7^ 

About 1 I 
] About 1.0 y ' 

About! I " 

] About 13.5 
] , About .2 

About I I 



Referring to graph 5, between 1820 and 1970 population:. (Cir- 
^1 e one of a^^,^p^\ d. ) 

a,) increased about five-fold 

b) decreased by at least one-half . 

c) increased about two-fold 

d) increased about ten-fold 
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Referring to graph 6 . complete the table below by reading the ^ 
aafrWf~the-graph.— Make^^ ^or the fractions of 



each ngur e shown- 



Countries IronJ)re ^in Metric Tons 



Canada 
France 
Australia 
U.S. 

U.S.S.R. 



Refer to graph 2. 

T F a), Deaths from motor vehicle accidents and drowning 
accounted for more than half of the deaths shown. 
True or false? CCircle^one. 

T ^ F b) Deciths from drowning accounted for more than one- 
third of the deaths shown. True or false? (Cir- 
cle one.) 

c) What two categories (i.e., sections of the circle), when \^ 

combined, account for 64% of the deaths shown? . ^ 

» , ' » ■ 

d) The total of the percentages of all deaths shown adds up to 



Referring to graph 8, what is the largest expense shown on the 
graph? (Circle one of a, b, c.) ^ 

a) Entertainment . 

b) Tuition and Books 

c) Room and Board » 

Referring to .graph 8, name the category shown- on the graph for 
jihich the least money was allocated: 



13113s 



11. Referring to graph 7, complete the following sentences. 

a) Dqring the period shown, bus ridership ranged from a higfr of 
during the month of ■ to a low of 

during the month of . , , - 

b) The longest period of increase of bus ridership was 

months. 

c) Since the month^of August there has been a leveling off of 
bus ridership. In fact the largest change from one month to 
the next since August has been riders. 

12. Referring to graph 7, circle either true or false. 

"J ^ a) The bus ridership data has never sustained more 
than a two-month decline. V 

T ^ b) Bus ridership has been less stable since people 
have had to pay to ride. 

T F c) ^During the period shown, bus ridership is more ... 

frequently above the average figure than below 

. it. , ' 

13. Referring to -graph 3, list the five types of sports listed for 
the 1962-63 season-, from first (most participants) to fifth 
(least participants). 

' ' First : ^ ^ 

^ Secojid 

. Third 

; — ' '' ' 

Fourth ■ , 

Fifth 



14. Referring to graph 3, comp;lete the following paragraph; 

"From the 1962-63 season onward the following general pattern 

emerges: The number of participants in _j is a clear 

first, averaging about (circle one of the following choices) 
1,200,000; 1,400,000; ^1,600,000. The number of participants 
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^ is a clear second, averaging about (circle 

one) 800,000; 1.000.000; 1.200,000. Below'second place the 
numbers of participants in 



and ' ' are more closely grouped together, in no 

case averaging more than (circle on6) 290.000; 400.000; 
600.000. or less .than (circle one) 200.000; 400.000; 600.000." 

15. Referring to graph 3. fill in the missing information. 

a) The, number of tennis players and the number of^Joggers were 
closest together during the year . 

b) Of the years shown since 1961. the number of joggers was 
virtually the same as the/number of ' participants 
during the year ■ 

c) During the year 1956 there were about (circle one of the 
' following choices)^2. 3. 4. 5 times as many tennis 

players as there were bowlers. 

d) Comparing the year 1961 to the year 1962. only the number of 

participants in showed a marked decrease. 

The number of participants in remained 

about the same, while the numbers of • 

, and " . showed in-' 



creases. 

16. Referring to graph 1. if you wgre to redraw graph 1 to occupy 
.the same amount of space on the page that it currently occupies 
but in such a way as, to make the relative highs and lows of the 
data more readable, you would do best to: (Circle one of a. b. 
c.) 

a) Put additional marks on the vertical scale so that it goes 
from OX to lOOX In steps of 5X Instead of lOX. 

b) Make the vertical scale run from OX to 70X In the same space 
it now takes to run from OX to 100X~ 

c) Make the vertical scale run from OX to 30X in the s^me space 
it now takes to run from OX to lOOX. 



17. 



18. 



Referring to the table on 
the fish harvest on the 
right, express the- data 
to the nearest 10,000,000 
metric tons. (Example: 
express 35,000,000 or 
36,000,000 as 40,000,000.) 
Record your results on the 
table below. 



APPROXIMATE ANNUAL FISH 


HARVEST IN METRIC TQNS 


^ (Top 6 countries in 1971) 


' Norway 


2,838,000,000 


U.S.S.R. 


2,399,000,000 


Denmai^k 


1,388,000,000 


Canada 


1,143,000,000 


Britain 


1,110,000,000 


U.S. 


94.5,000,000 



Fish Data. Accurate to the Nearest 10.000,000 Metric Tons 

. Norway , ^ 

U.S.S.R, ^ 

Oenmark ° ■ 

. "Canada ' 

Britain . 

U.S."' 



Suppose you were golhg to make a pictograph Illustrating as 
closely as Is practical the fish harvest data of problern 17. 
Su^os6 further that you were only allowed to use whole or half 
f 1sh^symbols.( for example or )^ ), Consider choices 

(i)/(11). or (111) below: 



1 . 
11. 
111. 



Let 
Let 
Let 



1,000,000,000 metric tons 
100,000 ,00a metric tons 
10,000,000 metric tons 



Complete the following statements: 

a) Under choice 11, Norway would have^ whole 

fish symbols and ^ half fish symbols. , 

.... >■ y ■ " 

b) Under choice ^ , Canada, Britain, and the United 

States would have the same number of whole fish symbols and 
no half fish symbols. 
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c) Of the three choices, choice 



Is the least practical 



for construction purposes, since the U.S.S.R.. alone would 
requjre-that f Ish symbols be drawn. 

d) Choice , would make construction of the pictograph easy. 
But It has the d1sa?l vantages that, just from looking at the 
fish symbols. It would not be possible to place each of the 
six nations precisely In order of .size of fish harvest-- 
something that It Is possible to do by looking at the origi- 
nal table oftidata. 

" p 

e) With c>)Olce , the pictograph would retain the precise 

order of the nations and wogld be a little tedious, but not 
outrageously difficult to construct. 

.19. Referring to the circle at the 
right, assuming that the'entire 
^ circle represents 100% of a 
quantity, complete the table 
below by filling In the >oxes 
with your best estimates. . 

Percent Sector Names 

5p% Sectors I and II 

I I Sector I 




I I Sectors V and VI 
' t 



12H% [ 



75% [ 



\ 


1 


Sectors I , 


Ii:and III 


1 


1 



I I ' All except Sector VI 



' . 135 



142 



20. Divide one of the circles below Into sectors determined by the 
following table: 



Percent of Whole 


Sector 


m 


A 




B 


«>zo% 


C 


10% 


D 


5% 


E 



Two circles are given so that you may use one of them for 
scratch work If necessary. Try to make the best estimates of 
what parts of the whole circle you should allot for each per- 
centage. Use a ruler or straightedge to draw the radii. Also, 
be sure to label each sector with Its^ corresponding letter. 





21. On the grid on the following page, construct an easily readable 
bar graph of the data given. 



^^3 
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Title: Percent of Students Who Can Make Good 
Bar Graphs Before Taking This Course 

(1964 through 1968) 

Source: World Journal of Phony Statistics . 

Data: . Year Percentage 



1964 
1965 
1966 
1967 
1968 



10* 
14* 
16% 
Z6% 
23% 



Statements (a) through (h) below describe changes that might be 
effected in the graph that is pictured below. Complete each 
statement by circling D, E, or N in the statements (a) through 
(h), -depending on whether the c*»fwe would lend to: 

D. De-emphasize the daily chapGyin production. 

E. Emphasize the daily change Tn production. 

N, Not change the emphasis of the daily change in production. 
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4 



c 
o 



8 

a. 



1000 
990 
980 
970 
960 
950 




± 



J J_ 



12 13 14 15 16 
(Dates 1n May) 
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a) If you were to redrsutf--Ui^ above with more space between each 
of the numbers on the horizontal scale, then 1t would tend 
to D E N the dally change 1n production. 



b) 



c) 



d) 



e) 



f) 



N 

If you were to redraw the above wltft less space between each 
of the numbers on the vertical scale, then 1t would tend to 
DEN the dally change 1n production. ^ 

If you Were to redraw the above, using the same total length 
on the horizontal scale but equally spacing out the whole 
numbers from 0 to 16 Instead of from 12 to 16, then It would 
tend to D E N the dally chc^nge In production. 

If you were to refine the vertical scale by Including num- 
bers at 955, 965, 975, 985 and 995, then It would tend to 
D E N the dally change In production. 

If you were to redraw the above, doubling the spacing be- 
tween each of the numbers on both scales, then It would tend 
D 



to 



E H 



the dally change In production. 

If you were to redraw the above, using the same total length 
on the vertical scale but equally ispadng out the scale from 
0 to 1000 Instead of--as It Is now— from 950 to 1000, then 

E N the dally change In production. , 

138 

143 



it would tend to 0 



X 



23. 



g) 



24. 



h) 



25. 



If you were to redraw the above, using a vertical scale run- 
ning from 0 to 1000 In equal steps of 10 and using the same 
spacing as the present vertical scale, then it would tend to 
DEN the daily change "in production. 

If you were to do both (c) and (f), then it wouljd tend to 
D E N the daily change In production. 

Each ordered pair bel'ow corresponds to a point on the given 
graph. Indicate the correct -letters in the space below. 

a) (1,-2) . 

3" 

2--' .H 
• I 1 4-B 
-I- 



b) 
c) 
d) 



(2,1) 
(0,1) 
(-3,-2) 



-3 -2 -1 
• D 



• G 



-2-. .F 



•E -3-1- 

Each of the letters below corresponds to a point on the graph 1n 
exercise 23. Indicate opposite each letter the ordered pair 
that locates that point. 

A. . 

B. ■ 

C. ^ ^ 

J). 

Three diagrams below contain the same 1nformat1on--but In d1l 
ferent forms. List the three letters corresponding to those 
diagrams: , ... . 

A. 



1st 


coordinate 


1 


3 


2nd 


coordinate 


2 


4 
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4 

3 ■- 

2," 
1 -- 



I t I t 

12 3 4 



4 -- 
3 -- 
2 • 

1 -- 

0 



I I I I 

12 3 4 



• C. (1.3) (2.4) E. (1.2) (3.4) 

26. By using the scale of distance on the map of Italy below, cal- 
culate the approximate distance between Rome and Palermo 
(Sicily). 
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Graph 1 

V 

Percen^69©-of Young People (Aged 12-21) Arrested for Possession 
of Drugs 1n a Town for the Period 1970-1974 



c 
<u 
u 
I. 
<u 
a. 



100 
90 -- 

80 

70 -- 
60 -- 
50 -- 
40 -- 

30 

20 -- 
10 -- 
0 -- 



1970 



1971 



□ 



1972 



19>3 



□ 



1974 




Graph 3 ^ 

Data oh Sports Participants In a State (1956-67) v 



2.400.000 



2.ooo.6be 



^ 1.600.000 



1,200,000 




Graph 4 

Self Report on Use of Drugs /\inong Seniors 1n a High School 1974 
Heroin 
Q Barbiturates 
□ LSD . 
[ I Amphetamines 
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Marijuana 



Cigarettes 



Alcohol ic 
Drinks 



I M l I I i l l I I I I I I I I 

''1 2 3 4 5 ejl? 8 9 10 11 12 13 14 15 
Per(M)t reporting use 

142 * 
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/Graph 5 

Increase In Population 1n a Small Town 



Year • 

1820 Itft ^ 1 person 



1950 ««M*ttttift«tM*M« 
1970 AAAAAAAAAAAAAAAAAAIA 



Graph 6 
Iron Ore production (1972) 



Canada pf li 
France Ji^ 9 
Australia 9i[ 9V 1 

W W W 

U.S.S.R. X W PI W W W W W < 

IV ° 20 minion metric tons 



> 



Graph 7 



11.437 * 



Bus Ridership 
Data 




3,014 



I Jan Feb Mar Apr May Junj Jul Aug Sep Oct Nov 
Fr^e Trial Period 



Graph 8 

How One Col lege. Student Allocated His Budget 




Er|c 



15 1 
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. . SELF-EVALUATION FORM 




Answers to the Questions 


Tvnp Rr;inh 


larapn ixumoers 


Cirri 


1 I 9 1 "5 A ^ \ A 7 fOi 
-L \£J "J *f 0 ^ 0 / 1 O J 


Line 


1 2 i3l 4 ^ fi ^7^ ft 


Bar 


(Y) 2 3 (Y) 5 6 7 8 


Pictograph 


1 '2 3 4 7 8 
^^^^ .^^^^ 


First 1973 


> • 
3. c^ 


Second 1974 




Third 1972 


4. a) . False 


Fourth 1971 


b) True 


Fifth 1970 


^ . c) True^ 


Type of Drug 


Percentage Reporting Use 


Marijuana 


About 2,4 


L.S.D. 


About .7 


Alcohol 1c 




Drinks 


14.1, 14.2 are best; 14.3 acceptabil 


Amphetamines 


About 1.0 . 


(Best choice. Glue acceptable) 


Barbiturates 


.3, A djre be$t; .5 acceptable 


Cigarettes 


About 13.5 ^ . 


Heroin 


About .2 ^ - 


Glue . 
d 


r.2, 1.3, 1.4 acceptable 


Countries 


Coal in Tons 


Canada 


Acceptable 30,000,000 to 40,000,000 


France 


Acceptable 50,000,000 to 60,000,000 


Australia 


Acceptable 60,000,000 to 65,000,000 


U.S. 


Acceptable 70,000,000 to 80,000,000 ^ 


U.S.S.R. 


Acceptable 200,000,000 to 2ia,000\000 







8. 



12. 



15, 



13. 



a) True 

b) ' False 

'c)^False (average is between 
5,000 and 6,000) 

First: , Golf 

Second; Tennis 

Third : Jogging 

Fourth: Bowling 

Fifth: Basketball 



a) Tru^ . 

b) ' False^ * ' 

c) Motor vehicles, drowning 

d) 100 . 
c ' 

Entertainment » 

a) ll,437;^March 
3,014; November 

ib) 2 \ ' 

:) 167.* ' 

Golf; 1,400,000; tennis, 800,000;' jogging, bowling, and bas- 
ketball (those last three acceptable ip any order); 600,000; 
200,^00. " % 

a) 1965 

Bowling; 1966 

3 



b) 
c) 
d) 



16. 
i7. 



18. 



a)' 
b) 
c) 
d) 



Tennis; basketball ; 
golfers, bowlers, 
joggers (th& last 
three sports persons 
acceptable In any 
order). 

29. whole; 1 half 

1 ' ;v-^ 

II'Im 240 



Norway 
U.S.S.R. 

DenmarJ< , 
Canada 
'Britain 
U.S, r 



2,840,000,000 
2,400,000,000 
1,390 ,000,000 
^1,140,000,000 
1,110,000,000 
950,000,000 



e), ii 
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iPercent 


Sector Names 




Qor^r>r»c T Af\(i T T 
DcCwUib 1 CillU 11 


33\% is best; 




30% to 3b% 


Sector I 


acceptable 




25% 


Sectors V and VI 


2 


Sector V" or Sector VI is best 


6(^% is best; 


■ - 


65% to 70% . 


Sectors I, II and III 


acceptable 






Sectors I, il. Ill and IV 




or all except Sectors V' and° VI 


75% 


or sectors i, ii, v afiu vi 




f\v* all Avronf c:Ar tnr^ TTT find TV 


S7^% is best; 




85% to 90% 


All except Sector VI 


acceptable 





The size' of your sectors shoul(^ 
be very close to those shown. 
Obviously the order does not 
matter. 
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21, (Vertical numbering going up to 50% or less 1s acceptable, 30% 
shown Is about the best. Any more than 50% is not acceptable.) 



c 
a; 
u 
u 



30 -- 
20 -- 
10 -- 



0 -- 



1964 



1965 



1966 



1967 



1968 



22. 



23. 



D 
D 
E 
N 
N 
D 
N 
D 
F 
G 
B 
D 



24. A. (1,0) 

B. (0.1) 

C. (0.0) 

D. (-3.-2) 

25. A, D, E 



26. About 200 miles or 320 kilo- 
meters 
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Some of the pedagogical issues associated with teaching graphs, 
coordinate systems, relations and functions^j43 the elementary school 
are discussed in: 

Fehr.^H. F., and Phillips, J. M. Teaching Modern Mathematics in the 
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REQUIRED MATERIALS 



ACTIVITY 


AIJDIO-Vl SilAL AND OTHFR RFSOlJRCFS 


MANIPULATIVE AIDS 


Overview 


• / 

oiiue-tdpe, urapnS''in tne tiementarw 
School," cassette recorder and projector. 
(Optional) \v 




1 




^\(^aph paper, ruler, compass, protractor. 


A 




DiMAV* nw*ann r\anAl^ 

nuieri grapn paper. 


6 




Globe, map*of the U.S. with parallels of 
latitude which are equally spaced, 
Mercator projection of North America*, 


7 


Several elementary school mathematics 
textbook series. 




10 


Fr^d^rlque and Papy. Graptis and the 
Child. Montreal, Canada: Algonquin 
Publishing Co., 1970. 




11 




Attribute blocks. 



ERIC 



158 



activity'. 


AUDIO-VISUAL AND OTHER RESOURCES 


MANIPULATIVE AIDS 


12 


Frederlque and PaDV. Graphs and the 
Child. Montreal, Canada: Algonquin 

Frederique. Mathematics and the Child 1, 
New York: Culsenaire Company .of America, 
1971, 




14 




I^Ta'nce beam, Cuisenaire rods, hinged 
ml^rror aranh naoer . orotrac tor . oaoer 
towels , metric ruler, jar, food coloring 
(optional), paper clip, Scotch tape, 
guitar. ♦ 



I 
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This unit integrates the content and methods components of 
the mathematical training of pros[>ectlve elementary school 
teachers. It focuses on an area of mathematics content and on 
the methods of teaching that content to children. The format 
of the unit promotes a^small-group, acAtty approach to learn- 
ing The titles of other units are Numermon, Addition and 
Subtraction, Multiplication and Division, Rational Numbers 
wlth^lntegers and Reals, Awareness Geometry, Transforma- 
tional Geometry, Analysis of Shapes, Measurement, Number 
Theory, Probability and Statistics, and Experiences In Problem 
Solving. " ^ ' 
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